Exponential bounds for regularized Hotelling’s 72 statistic in high dimension

El Mehdi Issouani®*, Patrice Bertail®, Emmanuelle Gautherat®

“MODAL’X UMR 9023, UPL University Paris Nanterre.
b Université de Reims Champagne Ardenne, REGARDS EA 6292, 51097 Reims, France

Abstract

We obtain exponential inequalities for regularized Hotelling’s T? statistics, that take into account the potential high
dimensional aspects of the problem. We explore the finite sample properties of the tail of these statistics by deriving
exponential bounds for symmetric distributions and also for general distributions under weak moment assumptions
(we never assume exponential moments). For this, we use a penalized estimator of the covariance matrix and propose
an optimal choice for the penalty coefficient.
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1. Introduction

In many applications (for instance in genomics or natural language processing), the dimension of the parameter
of interest ¢ is large in comparison to the sample size n and sometimes is increasing with n. Consider for instance
the problem of estimating or testing a mean of variables in R?, with ¢ > n; in that case, the empirical covariance
matrix is not full rank and does not even converge to the true one when n tends to infinity and is ill-conditioned (see
Johnstone (2001) [8]]). As a consequence, the usual Hotelling’s T,% tests in a large dimension framework are no longer
valid. It is thus important to construct estimators and testing procedures that take into account the high dimensional
aspects of the problem (as done for instance in Ledoit and Wolf (2000, 2022) [[L1}112]], see also the references therein).
One relevant proposition which has been developed in the statistical literature is to use a penalized estimator of the
covariance matrix which is non-singular and to use this matrix in tests. In that spirit, Chen et al. (2011) [5] have
obtained asymptotically valid regularized Hotelling’s T2 tests for the mean in the Gaussian case in a high dimensional
framework, when n and g = ¢g(n) tend to infinity at some specific rate. Li et al. (2020) [14]] have extended these results
to some specific sub-gaussian distribution. The purpose of this paper is to further explore the finite sample properties
of such tests by deriving exponential bounds of some correctly regularized Hotelling’s T2 under general distributions,
including ones with very few moments.

Such bounds allow to build conservative confidence regions for the parameter of interest. They are also of interest
in statistical learning to control risk even with unbounded loss functions. For this, we derive exponential bounds
for some regularized Hotelling’s T,f statistics in the spirit of Bertail et al (2008) [2], who obtained bounds for self-
normalized quadratic forms or the Hotelling’s T2 statistic when g < n. We show that for symmetric distributions, only
moments of order 2 are needed and we only assume the existence of moments of order 8 for general distributions.

LetZ,Z,,...,Z, be i.i.d. centered random vectors with probability distribution P, defined on a probability space
(Q,A,P) with values in (R‘“’”,B, P) endowed with the L, norm ||.|[,. We denote E the expectation under P. Put

Z"W = (Z;)1<i<p- As n and g(n) go to infinity, notice that actually (Z™), defines a triangular array of random variables
with varying dimensions. However, since we are interested in finite sample properties, we will drop the dependence
in n. In particular, we use ¢ instead of g(n). But keep in mind that g is a function of n in an asymptotic framework.
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The covariance matrix of the observation is given by S? = E (ZZ’), where we denote by Z’ the transpose of Z and S
the square root of S2. Denote by Z, = n~! 3. Z; the sample mean. The sample covariance matrix is defined here by

2(z™) = Z Z.7Z,.

To simplify notations, we denote the sample covariance matrix of Z;’s by S2 when there is no confusion. Notice
that we do not center by the empirical mean.
We recall that Hotelling’s 72, which can be seen as a quadratic form of self-normalized sums, is given by

n’

T2 = nZ.S,°Z,,

wheng <nandS;? = (S 2) . For some nonnegative real numbers, p; and p,, define =2 the linear combination of the
identity matrix w1th the sample covariance matrix

S =30 (p1.p2) = pily + paSi,

with I, the identity matrix of size g. For py =0 and p, = 1, ¥2(0,1) = S2 is the empirical covariance matrix, which is
singular for ¢ > n. When p, = 1 and p; > 0 (and small), 2 corresponds to a Tikhonov regularization of the sample
covariance matrix: see Tikhonov (1963) [20]]. It is precisely this estimator which is used in the tests proposed by Chen
et al (2011) [5]. However, it is shown in Ledoit and Wolf (2000) [[L1] that if one chooses adequately p; and p, then
one can obtain a well-conditioned estimator of the covariance matrix which is invertible and more accurate than the
sample covariance for some L,-distance.

We denote by X? the expectation of X2, which is given by

n’
¥? = X% (p1,02) = p1ly + p2S?.

Actually, such modification ensures that we can control the distance between Zﬁ and S2: this will be fundamental
to obtain exponential bounds.

In the following, we are interested in the Hotelling’s T statistic with a linear combination of the sample covariance
and the identity, that we now call the regularized Hotelling’s T statistic defined by

T2 (p1,02) = nZ, %% (01,02) Zn

generalizing the proposal of Chen et al (2011)[5]].

In the framework of high dimension, such quantities also appear naturally when studying empirical likelihood
under a lot of constraints, penalized in its dual form by an L2-norm: see for instance Newey and Smith (2004) [16],
Lahiri and Mukhopadhyay (2012), [9], Carrasco and Kontchoni (2017) [3]] among others.

When g < n, exponential bounds for T,%(O, 1) (that is, with the empirical covariance matrix instead of a regularized
one) have been obtained by Bertail et al (2008) [2]. Their exponential bound is controlled by two terms: (1) an
exponential term corresponding to a "Hoeffding” or Pinelis (1994) [18] type of inequality applied to a symmetrized
version of the observations and (2) an exponential bound which essentially controls the minimum eigenvalue of the
sample covariance matrix and the proximity of S 2 to §2. However, for ¢ > n such inequality can not hold since in that
case the minimum eigenvalues of S 2 is always 0. Moreover, it can easily be seen from the results of [2] that the bound
becomes very bad when ¢ > n or/fand when ¢ and #n are of the same order. We obtain in this paper general results with
an adequate choice of p; and p, when ¢ is bigger than n and when ¢ and n are such that % — 1 €]0, 0.

The paper is divided into four parts including this introduction. In the second part, we recall some known expo-
nential inequalities for ¢ < n under weak moments assumptions. Then we obtain an oracle exponential inequality
for the regularized Hotteling’s T2, assuming that the values p; and p, are fixed and known. Some interesting sharp
bounds which may be useful in statistical learning assuming symmetry are obtained for any n and g large. We then
establish a general inequality for ¢ = O(n) for non-symmetric distributions under a few moments’ assumptions. In the
third part, we estimate the optimal values p] and p5 and show that the inequality remains valid up to some additional
small terms controlling the concentration of these estimators around their true value. We illustrate our results with
some simulations in the supplementary material.



2. Oracle exponential bounds for regularized Hotelling’s Tﬁ

In the following, we define the penalized Hotelling’s T2 as the particular regularized Hotelling’s statistic T2(p, 1)
with p > 0. The aim of this section is to establish an oracle exponential inequality of the distribution of the penalized
Hotelling’s T2 in the case ¢ > n and when the distribution of the data is symmetric (Theorem [l| and Theorem [2) as
well as in the general case, that is when the distribution is not necessarily symmetric (Theorem 3).

2.1. Known bounds for Hotelling’s T?

Some bounds for 72 or self-normalized sums may be quite easily obtained in the symmetric case (that is for
random variables having a symmetric distribution see Pinelis (1994) [18]]) and are well-known in the unidimensional
case ¢ = 1. In non-symmetric and/or multidimensional cases with g < n, these bounds are new and not trivial to prove.
One of the main tools for obtaining exponential inequalities in various settings is the famous Hoeffding inequality (see
Hoeffding (1994) [7]). For centered independent real random variables Y1, ..., Y,, that are bounded, say |Y;| < 1, for
alli e {1,...,n}, we have, for a; € [—1, 1] such that Zaiz =1,

" 2
t
Yl > < _—
VYt >0, IP’[[ E a,Y,) _t]_Zexp( 2).

i=1

A direct application of this inequality to self-normalized sums (via a randomization step introducing independent

Rademacher r.v.’s g;) yields that, for independent real (¢ = 1) symmetric random variables Z;, i € {1,...,n} and not
necessarily bounded (nor identically distributed). Indeed, we have by putting ¥; = &; and a; = —2— ; for t > 0,
(zz)"
" 2 2 2
) (Zizlzi) (Z?:]Zigi) (Z?:lzi&') t
]PJ(T”Z[)Z]P) —22[ =P —221 =E|P —22t|(Z,-),-E{1 ,,,,, n} SZexp(——).
ZimZ; ZimZ; iz 2

Pinelis (1994) [18] has obtained with a different technique, a sharp y? type of bounds which generalizes this kind
of results for multivariate data when g < n. He proved that, if Z has a symmetric distribution, without any moment
assumption on the variables Z;, then one has

263
%Fq(w, (1)

V>0, P(T721)<
where F,(t) is the cumulative distribution function (cdf) of a x*(g) distribution. The density is denoted by Jg- A crude
approximation yields that for ¢ large enough,

3 22—%

2 ¢ 4.9
P(T221)< E@tz exp(—1/2),

where I' (x) = fom t*'e~'dt is the gamma function.

Notice that, for g = 1 this bound (only valid for large ¢) is better than the crude Hoeffding bound since we recover
the missing factor \Lﬁ in front of the exponential (see Talagrand (1995) [[19]]). When ¢ < n, using a multidimensional
version of Panchenko’s symmetrization lemma (Panchenko (2003) [L7]) Bertail et al (2008) [2] have obtained an

exponential inequality for the general distribution of Z with finite kurtosis y4 = E (”S ’12”2) More precisely, they

establish that under 0 < y4 < oo,

(@) for t > nq, IP’(T,% > t) =0.

(ii) for any a > 1, and any nonnegative ¢ such that 2¢(1 + a) < ¢ < ng, the following bound holds for some is an
explicit constant C(g),

P(T? > 1) <

263 (t— g(1 + a))Z o (_t—q(l +a)

9F(%+1) 2(1 + a) 2(1 +a) va(g + 1)

) + C(q)nSV/% exp [—
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The first term is essentially equivalent to the tail of a y*(g) distribution (up to an explicit constant), while the second
term controls the speed of convergence of S2 to §2, when y4 < c0. The constant a controls the balance between these
two terms on the right-hand side of the inequality and may be optimized. Notice that this second exponential term is
small when g << n but explodes in n® if ¢/n — [ > 0 for large n, making this bound totally useless in that case.

In the general multidimensional framework considered in Bertail et al (2008) [2] and in this paper, the main
difficulty is to keep the self-normalized structure when symmetrizing the initial sum. In the next sections, the results
of Bertail et al (2008) [2] obtained for ¢ < n are extended to the case ¢ > n by using a regularized version of S2.
This inequality is based on an appropriate diagonalization of the regularized sample covariance matrix which allows
applying Pinelis (1994)’s inequality [18]] (see section 2.2). This crude inequality is refined in section [2.3] When
dealing with the general case (see section[2.4)), we establish first a multivariate symmetrization lemma [3]in the spirit
of Panchenko (2003) [17]. This symmetrization partially destroys the self-normalized structure (the normalization is
then X2 +%? = 2%2 +(X? - X2) instead of the expected normalization X2), but the right standardization can be recovered
(up to the factor 2) by obtaining a lower tail control of the distance between X2 and X2. To control this distance and
make it as small as possible we will use the results of Ledoit and Wolf (2000) [ 1].

2.2. Bounds for regularized Hotelling’s T? in a symmetric framework

We now obtain a simple inequality for the regularized Hotelling’s T2 in the symmetric case, based on previous
results by Pinelis (1994) [18]. It essentially shows that the tail of the regularized Hotelling’s 7?2 is controlled by the
tail of a y? (n) distribution.

Theorem 1. Assume that Z has a symmetric distribution with finite covariance matrix then, without any additional
moment assumption, we have, for any n > 1, for t > n, for any p1,p, > 0,
263 263 ( (t— n)2)

_ o 1 2
P72 (2 1) 2 1) = P(nZ5 (010020 2 —| < ZFu(d) < S exp
P2 P2 ? ’ ¥

2

where F, is the cdf of a x*(n) distribution.
Moreover, for any p > 0, we have

2 _ Sr -2 5 3 2
IP’(—T” (- 1) = n > t) = IP("Z”E" (012, = n > t) < e exp d
V2n V2n 9

2(1+ \/ZL() '

The inequality yields a control of T,%(pl, P2) = nZ,’LZ;Z (01, 02) Z,, when using a linear shrinkage estimator of
the variance. This in turn can be simplified in , to a truly penalized Hotelling’s T2. Note that for any p;, 0, > 0,

2
X (01,02) _pSutpil =Sﬁ+'ﬂlq

P2 P2 P2

and for any p > 0,
(o, 1) =82 +ply

is a penalized estimator of the covariance matrix. Inequality (3) can be interpreted as a Bernstein-type inequality.

Remark: These inequalities hold for any choice of p; and p,. However for the inequalities to be sharp, p; and
p2 should be chosen adequately. First from the proof of Theorem [I] we see that the inequality is sharp only when
p1 is close to 0, which is in accordance with what we know about Tikhonov regularisation (1963) [20]. Actually
when p; tends to O, 2;2 (01,p2) is going to be identical to %Z(S ﬁ)’ where (A)” is the Moore-Penrose or generalized
inverse of A (which is unique for symmetric matrices). Notice that the proof of the theorem and the inequality remain

valid if we use nZ;, (S ﬁ)7 7, rather than nZ/ %% (o1, p2) Z,. In the procedure of Chen et al. (2011) [3] this means that
asymptotically there is no difference between standardizing by the regularized variance or by the generalized inverse
of the covariance matrix. The regularization just serves as a trick to approximate the generalized inverse. However,

the finite sample properties of the regularized Hotelling’s T2 will strongly depend on the choice of p; and p,.
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2.3. An improved bound for penalized Hotelling’s T? in the symmetric case

It can be seen from the proof of Theorem [I| that the penalized Hotelling’s T2 statistic essentially behaves like a
weighted sum of asymptotically y? random variables. This also explains the results of Chen et al. (2015) [5]. Actually,
we can obtain a bound for this quantity relying on the results of Pinelis (1994) [18] and Laurent and Massart (2000)
[10] (see p.24 of their paper) who control the tail of the weighted sum of independent (1) random variables.

.....

following effective dimensions (see [S]] for other expressions of these quantities):

inf(n,q) 1 inf(n,q) /12 A
01(4,p1,02) = —— &p1.p) = ——L —— " Oudp1,p2)= sup (—J )
jZl P1 +p2/1j jZI (,01 + ,02/1_;')2 1<j<inf(n,g) \P1 T pz/lj

In the next result, we obtain a sharp bound for regularized and penalized Hotelling’s 72. Notice that, in that case,
the recentering factor depends on ®,(4, p1, p2) and is random. In the proof of Theorem 2.1, this value is essentially
bounded by n/p,, which is a very bad approximation when p, is small. Theorem [2]tells that, for ¢ > n, the tail of the

regularized Hotelling’s T2 statistic behaves as the weighted sum of n independent x?(1) r.v.’s where the weights are
4

prpad;”

some independent Gaussian r.v.’s, then conditioning on the data and applying Laurent and Massart (2000)’s Bernstein

inequality [[10]. This inequality in turn can be transformed into some exact bounds for the statistics of interest.

given by the random factors We get some Bernstein bounds for this weighted sum by first randomizing by

Theorem 2. Assume that Z has a symmetric distribution then, without any moment assumption, we have, for any
n> 1and q > 0, for any t > 0 and for any py,p2 > 0,

T2 -
P[ 20102 = Odprpd) 5 Ji s O(bpip),

V201(2, p1,p2)? Oy(4,p1,p2)

Or equivalently, we have for the penalized Hotelling’s statistic, forn > 1 and q > 0, for any t > 0 and, for any p > 0,

T2(p, 1) — ©,(1,p, 1) 0 (/lpl)) ‘
o] i s Vo =00 ) < cex (——).
( Lo, 1) Lo, 1) P\732

)] < Cexp(-t), withC =3824.

In the symmetric case, this theorem enables us to easily obtain confidence regions of level 1 — ¢, for ¢ € [0, 1] for
the regularized Hotelling’s statistic, as stated in the following corollary.

Corollary 1. Put c() = log% with C = 3824. Then, for any n > 1 and g > 1, for any t > 0 and for any py,p> > 0,
with probability 1 — 6, we have

O (4, p1,02)

T2 s S@ ﬂ, s +2® /l’ ’ 6 +
1 (01,02) < 0O1(4, 01,02) 2(4, p1,02) | Ve(d) 02(4, p1,02)

6(5)),

The proof of this corollary is left to the reader. This result holds for any n and ¢q. When ¢ < n is large, we
can actually put p; = 0 and get some Pinelis’ type bounds (when the y? distribution tail is itself approximated by a
Gaussian tail).

The constant C comes from a result of Chasapis and al (2022) [4] who extended a result of Pinelis [18] (1994).
Indeed they state that, when symmetrizing, for smooth functions of quadratic forms, Rademacher variables may be
replaced by standard normal variables. However, their constant is clearly not optimal and we expect the optimal C to
be 2¢3/9 as in Pinelis [[18]] (1994).

The bounds in Theorem [2] and Corollary [T] can be used in practice for testing purposes in particular in anomaly
detection in statistical learning. See for instance the literature on intrusion detection systems using multivariate control
charts based on Hotelling 7?2 (for instance Tracy et al. (1992) [21] and further works by these authors).



2.4. Bounds for regularized Hotelling’s T? for non symmetric distribution

We now consider Z with a general (not necessarily symmetric) distribution. We will later prove a symmetrization
lemma that generalizes the one obtained in Bertail et al. (2008) [2]. In the following, we also use the results of Ledoit
and Wolf (2000) [11] to optimally control the distance between X2 (o1, p,) and S2. For this, consider the modified
Frobenius scalar product between matrices and the corresponding norm given by

(A, B) = %AB') and JJA|? = (A,A) = %AAI).

Note that dividing the standard Frobenius scalar product by g enables the norm of the identity /, to be equal to 1,
which is more convenient. In the following, we extend this modified Frobenius norm to vectors by considering, for
any vector Z € RY,

I1ZI* = Tr(2Z') /q.

2.4.1. Additional notations and hypotheses

Put §? = (o-k j)lsk, i< and consider A the diagonal matrix of the eigenvalues of S2 and O the matrix of associated
eigenvectors. The eigenvalues are denoted 1, ..., 1y with gy < pp < --+ < p,. We have S 2 = 0’A%0. Now, for
i€{l,....n}, we define ¥; = 0Z with ¥; = (Y;1..... Y,,)

In order to provide a well-conditioned estimator for large dimensional covariance matrices, Ledoit and Wolf (2000)
[11] have studied the minimum of E (HE% (p1,p2) =S 2”2). This minimization can be seen as a projection problem in
the Hilbert space of random matrices, equipped with the inner product (A, B)¢; = E [(A, B)] with associated norm
1113, = EILIP.

We assume the four following assumptions:

(A1) 3Ky, Ky > 0 such that, for any n and any ¢ > n, Ko < £ < K.
(A,) 3K, > 0 such that, for any n and any g > n, é ?:1 E [Yf’j] < K,.
(A3) JK3 > 0 such that for any n and any g > n, % <pr Sug < Ks.
(A4) dK4 > 0 such that for any n and any g > n,

¢ XjkbeQ (COV (Y L), Y""Y"’))z Ky
y=—=X St

n? Card (Q) T n

where Q denotes the set of all the quadruples that are made of four distinct integers between 1 and g.

Remarks: (A;) and (A4) are already assumed in Ledoit and Wolf (2000) [[11]]. First assumption (A;) essentially
means that g = g(n) is of the same order as n. (A,) states that the moment of order 8 is bounded in average: this
condition holds if the following moment of order 8§, }] ;’.:1 E [Zf!j] is finite (by sub-multiplicative inequality and the
fact that ||O|| = 1). This is a weak condition: we do not require exponential moments and allow for fat tail behavior of
the sample. (A3z) ensures that the largest and the smallest eigenvalue of the true covariance matrix are bounded. This
rules out the case when the components of the vector Z are too correlated: consider for instance the degenerate case
where S? is a matrix full of 1, then in that case the smallest eigenvalue is 0 and the largest is g. The case of a vector
with long memory components is studied in Merlevede et al. (2019) [15] : they show that the largest eigenvalue is
unbounded. Thus this case does not enter our framework. Assumption (A4) is immediate in the Gaussian case, since
v = 0 because of the rotation which makes the Yy ;’s j € {1,..., g} independent. Obviously, for (Z; ;); independent,
v = 0 as well. More generally if the components of the vector satisfy some adequate a-mixing conditions, then the
sum in the hypothesis (A4) can be seen as a sum of cumulants and may also be controlled using the arguments of
Doukhan and Leén (1989) [6].



2.4.2. Inequalities for random variables with a general distribution
The next Theorem [3]extends Theorem [I|to general distributions which are not necessarily symmetric. From now
on, following Ledoit and Wolf (2000) [[L1], we denote p} and p} the optimal values defined as the minimum arguments

of E |22 (o1, p2) - 52||2. Ledoit and Wolf (2000) [LT] have obtained

2 o2
P = E(T and p; = 37 with

ot=(s%1): =82 -P s B =E[s2-SY and =a’+p=E|s2-o1.
p] — ﬁ

Now, we define, for o # 0, p* = o2, which yields the optimal penalized estimator of S 2:

2*2 —

n

=5 (07 5)

=S2+p°l,.
p2 n q

If & = 0, take Z;? = 021, (in that case we will just need to estimate o).

2

s) |E| p*lq -

Fig. 1: True covariance 52, sample covariance S 2, and 2(p* 1:03)s ), Z2* respectively regularized and penalized sample covariance

In Flgurel the scalar product is (, )¢; with its associated norm. We represent EZ(pl, p5), the optimal combination
of §2 and I, defined by orthogonal projection of the true covariance matrix S 2 on the random vector-space generated

by S,Zl and /,. Thus 32 = ¥2(p*, 1) is the penalization of S2 by I, with p* = ;—‘ The green dashed line represents the
2
set of penalized estimators X2(p, 1) for which we obtain universal bounds in Theorem

Theorem 3. Assume that Z has a general distribution with finite variance S°. Assume in addition that assumptions
(A1) to (A3) hold. Puta* =1 + . Then we have, for any n > 1, for any q > n, and for t > 2n,

P(T20". 1) 2 (1 +a")t) = P[nZ,%;°Z, = (1 +a")t] < %63(

f—n ) exp( ’")

2 F(§+1)

Remark: Here the bounding function for large ¢ behaves like a centered x? () distribution, up to the factor 291
The term (1 + a*) ensures that the smallest eigenvalue of ;> does not contribute to the inequality.
Notice that the inequality is still valid when using X2, the regularized version of S2 instead of the penalized version
22, up to a small modification of the bound (1 + a*)t by the factor 1 /py: forn>1, g > n, forany ¢ > 2n

P16 > (57 Z’( 7)

(1+a)t)<— 1)

2
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3. Inequality with estimated parameters

We have proved an exponential inequality for the penalized Hotelling’s 72 with theoretical values a* and p*. In
practice these values are unknown. In this section, we estimate these quantities and obtain an inequality for the
penalized Hotelling’s 72 with estimated parameters.

We first recall several results of Ledoit and Wolf (2000) [[I1]] on the asymptotic behavior of regularized empirical
covariance estimator 2. Lemmaand propositionbelow summarize these results with our notations and are proved
by Ledoit and Wolf (2000) [11]] in different lemmas and a theorem of their paper.

L
We use the same assumptions as in Ledoit and Wolf (2000) [[L1]]: — denotes the fourth-moment convergence as n
goes to infinity, i.e.

U, =, U= E[U, - V)| —o.

n—oo

Ledoit and Wolf (2000) [I1] essentially have shown that L4-consistent estimators for o2, %, 82 and §? are simply
given by their empirical counterparts that is

o =(S2.1,) ; E=|sz-o2) ; 2=8-B withp = Z”Z(Z) — 82| and B2 = min (32,87

Lemma 1. [Ledoit and Wolf (2000) [[11|] lemma 3.2, lemma 3.3, lemma 3.4, lemma 3.5] Under assumptions (A;) to
(A4), we have

1. o2, a? and B* remain bounded (as n and q tend to o).
4 L

2. Foralln,E[é’ﬁ] =02, and 6% - o i>Oanafé'ﬁ—a' —=0.
3.82-0 250, 4ABR-PS0amdP-p 500 5.a2-a =50,

After replacing the unobservable scalars 02, @, 82 and 62 by their sample counterparts in the formula of X2, Ledoit
and Wolf obtained an estimation of the regularized empirical covariance matrix say

s2_Pigy , Bigs
&R
Ledoit and Wolf (2000) [11]] have shown that fl,zl and Zﬁ are asymptotically equivalent in the modified Frobenius norm.
Proposition 1. [Ledoit and Wolf (2000) [I11l], Theorem 3.2] Under the assumptions (A)-(A4), we have
1. imE|$2-22| =o.

n—oo

2. Moreover, 2,21 has the same asymptotic expected loss (or risk) as X2 i.e.

R

n—oo

In the same way as Ledoit and Wolf (2000) [ 1] we deﬁne the optimal coefficients p} and p3. They are estimated

respectively by g and g3, where p] = '?;0' and p . Now, if &2 # 0, we introduce 22* the estimated optimal”
penalized Version of §2 given by
5* 2252
Shk p A A o
Z112 :2121(A_>lk’ 1):Si+pﬂI(I’ Wherepn = ’12”'
p2 ay
Similarly the unobservable threshold constant a* introduced in theoremlls estimated by a;, = 1+= ﬁ The principle

in Flgurel is similar to the one in Figure 1 except that 22 is determined first so that the regularized est1mat0r belongs
to the yellow line and the optimal estimator X2 = X2 (ﬁ”{,ﬁ;) is the closest value to S2 on this line. This difference
induces an additional error term in our inequalities.

Theorem E] establishes an exponential bound for the penalized self-normalized sums, when X2 is replaced by the
estimator X2* and a* by &, up to a small error term that we control explicitly.
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Fig. 2: True covariance S 2, sample covariance S ﬁ, regularized and penalized estimators of S %, respectively iﬁ and i;‘,z.

Theorem 4. Under the assumptions (A}) to (Ay), we have, for any n > 1, for any q > n, for any t > 2n and for any
small value of € > 0,

1—n

283(t—n)% e 7 +C(e)
9\ 2 F(§+1) ne ’

P(T2@; 1) 2 t (1 +a; +2€)) = P(nZ,8;72Z, > t (1 + &, + 2¢)) < 3)

where a, = 1 + % and C (.) is a real nonnegative function, independent of n, defined by

1 € 4K120'4 € Kg €
C = 4K VK |2+ -+ K| +2K\G — |+ G +—=G|—].
© : 2( q 1) ! ( 2K1) € (202’(1) € (K3)

The function G is defined explicitly in lemmal7} Notice that C(€)/€ explodes when € goes to 0.

These results essentially show that we have a y*(n) control in the tail of the distribution, for a threshold larger than
2n(1 + a;,) (recall that 2n is the variance of a )(z(n) distribution). The loss (1 + &;,) is essentially due to the correlation
between the components of Z and the deviation from homoscedasticity. The value of € can not be too small but can
be optimized by balancing the two terms in the inequality. For a given € and a given level § it is possible to solve
numerically the second term of the inequality (3)) equal to delta to get a valid bound for the Hotelling’s T2 for any n
and q.
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4. Appendix

In the first part of this section we provide all the proofs of Theorem [I] [2] 3] and [4] given in the sections 2, 3 and
4. In the second part of the appendix, we detail all the calculations to obtain an explicit constant C(€) appearing in
Theorem [4] when replacing the true quantities by their empirical estimators.
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Proofs of the theorems
We set some notations that we will consider in the following proofs. S2 is a symmetric and diagonalizable matrix.
Let’s denote by O, an orthogonal matrix in M, (R) such that S2=0, A20 where A2 is a diagonal matrix and

n-'n

A1
A2 = A for any g > n.

0
Put f/, = 0,Z; with f/, = (f/i,] e, I?i,q),. Let 4; < --- < 4, denote eigenvalues ofSﬁ.

4.1. Proof of theorem|I|and 2]

We first establish a simple inequality for the penalized Hotelling’s T2 in the symmetric case, based on previous
results by Pinelis [18]. The idea of the theorem is to use a rotation trick of the Z; that allows us to return to the ”small”
dimension case given by Pinelis. This yields a bound given by the survival function of a y* with n degrees of freedom.

Proof of theorem[I] Note that Vectors ¥; remain symmetric in distribution and uncorrelated. It is easy to see that, by
construction, the empirical covariance matrix of the Yy, ..., Y, is

-ZY? Zozzo’ 0,520, = A2.

This implies that, for any vector ¥;, their coordinates for j > n + 1 are zero. Indeed, for j > n+ 1, n7' 37, Y2 =0,
implies in turn that each Y,, ij=0,forje{n+1,...,q)and i € {1,...,n}. Define ¥; the n-dimensional vector version
of ¥; with these non-zero components, that is to say Vj < n, ¥; = Y ; and their corresponding empirical mean Y, on

the collection Y@ = (17,) . Thus, for all p, > 0, we have

1<i<n
1 <& ., -1 1<
nZ, Z;n (PI,PZ) Zn = ; Z Yi (Pllq +p2An) ; Z Y;
i=1 i=1
A \2 L
i (s v) S (S 1 (PR )
= <n -~ 7 < — o eEl b
=S e L P23 A
As A =nt Y0 1 Y Y2, we have reduced the problem to the sum of 7 self normalized sums, which can be seen as

Hotelling’s T, of symmetnc random variables in R”. In other words, nZ hI (pl ,02) 2y < EnY,’lS . (Y(”)) Y,. Thus,
by applying Pmehs equation (T) [18], we have

_ - t 23
Vi >0, IPJ(nZ;lE;zZn > —) <P .
P2 9

Recall that, if Ny,..., N, are independent N(0, 1) random variables, then by Lemma 1 of Laurent and Massart
(2000) [10], one has, for u > 0,

i N} -n u —u

By inverting the polynomial in +/u, this is a Bernstein type inequality for i.i.d random variables

PIN?-n 2)2 2
IP’(ZZ_I—' > v) <exp|- Y < exp[—v—].

Vau v fleaves) 21+ V23)

10




It follows that, for ¢ > n,

SLN - r—n) 3 exp(_“‘”)z).

F,t)=P >
® ( N T

O

Proof of theorem 2] Recall that : Z, = % >, Z; with Z; € RY. Introduce independent Rademacher r.v.’s &; taking the
values +1 with probability 1/2. Define Z; = % 1 €Z;. Then, in the symmetric case considered here, Z, and Z; have
the same distribution. Now write

_ _ 1, 11
Wz o) 2 = (;Zem')(pllqwzz\%)I(EZ@Y,»}e'VV'e @
i=1 i=1

where ¥ = (¥1,....V,) ., e=(e,...,€) and V = \/Lﬁf’(pllq +p2Aﬁ)_1/2.

Chasapis and al (2022) [4] obtain an extension of Pinelis’ result [[18] stating that for smooth functions of quadratic
forms, Rademacher variables may be replaced by standard normal variables. More precisely, define the Euclidian
norm ||x]l, = V{x, x) and consider &,...,&, independent standard Gaussian random variables. Then, for any ¢ > 0,

for any vectors vy, ..., v, in R?, we have
Plllevy + -+ &vall, 2 1] < CP[liE1vy + -+ - + Evall, 2 8] with C = 3824,

Since we have
gvi+--+ev, =€V

where V is the matrix of vectors v; = (vil, ey viq) corresponding to the rows, we can rewrite

G'VE =€eVV'e.

2
llervy + -+ &vill; =

It follows that, for any u > 0,
Ple€VV'e>u]l <CP[EVV'E > u

By conditioning according to ¥;’s and using equation , we have, for any u > 0 and, for any p;, 0, > 0,

P [an,’Z;z (01,02) Z5 > u]

E[P(G'VV’E >u | Yi,..., f’n)]
CE[P(&VVEzu| T,.... 7).

IA

Moreover recall from the preceding proof that we have

2

Y - inflgn) (=1 37 P
[ [RwNeial [} ot By gt

nZy'%. (p1,p2) Z;
] = o1+ 24

- A \2
inf(gq,n) (n_l Z?zl GiYi,j) /lj
A; p1+p2d;

n
=1

‘We obtain

infgn) (=1 51 £ ) .
]P)[nz;’ (Ei (pl’pz))—l ZZ S u] < CE P{nlnzq (I’l Zl/llAlet,J) > j;)z/l
j J

=1

Y1Y] . ®)

11



Let us work now conditionally to ¥i,...,¥,. PutK; = \/ﬁ(n‘1 >, f,»f/i,j) /4 for j € {1,...,inf(q,n)}. Thus

-1 yn % -1 yn %

) . - n 1 &Y n Y Y| o N

forany j#k Cov(K,Ki| Y1,...,Y,) = Cov[\/ﬁ =100 \n = i D T 4
(58] o) B

R no ~0
naa VA
Since K = (K Loeves Kinf(q,,,)) is a Gaussian vector (as a linear combination of independent variables) it follows that
2 2 12
Ki,..., Kinf(q!n) are iid y~(1).
Now, consider the vector b = (bl, ces bq) with nonnegative components (conditionally to ¥;, ;’s) defined by
A
T pr+pd;

A direct application of Laurent and Massart, lemma [10] to lenzfiq’”) b; (Kj2 - 1) gives for any u > 0

inf(gq,n)
IE”[ D7 b (K3 = 1) > 2lblh Vi + 2lbllote | < exp(-u).

J=1

In other words, for any u > 0, we have

e
X b K2 — by

> V2u + valblls 1 exp (—u) (6)
2 [151]2
2[lbll5

Now by combining (3)) and (6) we obtain the following result for the recentered version of our quantity of interest,

Z'3 2 (01, 02) ZE — ||b Dlloo
p| " E P1.p2) 2, ”“1>‘/§\/ﬁ+‘/§”” y

b
21bl13 15112
S b K2 ~ 1l Mo |5 s
<CE|P J=1 IR >\/§\/ﬁ+ \/§|| | " (Yljv“-’Ynj), '
2 16112 ’ J] jell.....inf(g.m)
2|bi2
< Cexp(—u).
The result of the theorem follows by noticing that [|b|ly = Ok(4,01,02), k € {1,2, 00} 0

4.2. Proof of theorem
4.2.1. A symmetrization lemma adapted to x* distribution

The following lemma ensures that, if we have a y? (k) type of control for the tail of a random variable v, which
stochastically dominates some random variable &, then we are also able to control the tail of &. For large values, this
tail is essentially the same as the one of a y?(k) distribution. We use exactly the same ideas as in Panchenko’s lemma
1 and corollary 1 (which assumes an exponential control of the tail of the distribution of the variable v).

Lemma 2. Let v and & be two real rv.’s. For a € R, put ®,(x) = max (x — a; 0). Assume that:

(i) foranya e R,
E®, (é) < E®, (v)

(ii) there exists k and constants Cy > 0, ¢y > 0, such that for any t > 0
P(v>1) < CiFi(cit)
12



then, fort > 2k/cy, we have

P@E>1< Cl(clt_k) ¢’
r

and, fort > k/cy, we also get )
P >1) < CiFrp(cit—k).

Proof of lemma[2]. We follow the lines of the proof of Panchenko’s lemma, with a function ®, witha = ¢ — f given
by @ (x) = max(x —t+k/c;0), for t > k/c;. Remark that @ (x) is convex, nondecreasing and that @ (0) = 0 and
@ (t) = k/c;. We thus have by Markov’s inequality

E<I>(§)<E<I>(v)< 1
O — D@ T D

c ~+00 _
< Cl%f Fi(c1x)dx.
I

—k/c1

P> < ((I)(O)+f+w (I)'(x)IP’(VZx)dx)

—k/L‘]

By integration by parts, we get

f Fk(clx)dx:f clek(clx)dx—(t—k/cl)fk/‘ c1 fx (c1x)dx.

—k/Cl —k/Cl
Recall that
fil) = —— -t exp(—2)
(u) = 2"/21"(15‘)” p 7
we thus have
c +00 ci —+00 B2y c1x
— axfr(c1x)dx = —— (c1x) 2 7" exp(——)dx
k t—k/c 2k/2+'§F(l§{) t—k/cy 2
= Fraa(cit=k).

It follows by straightforward calculations that, for r > k/cy,

C”k_ kE, (clt—k)).

P& >1<Cy (FM (crt—k) —

Using the recurrence relation 26.4.8 of Abramovitch and Stegun ([[1], page 941), for u > 2k,

IA

Ci (Fra u =0 = FFew=0) < Ci(Frua(u=k) = Fi(u—h))

(t5) " G =
T) T

IN

We get with u = ¢, for t > 2k/cy,

_ ("1;4)

k/2
IP’(th)S((Clt_k)) Cie .
=) v

Moreover, for t > k/c; we have P (¢ > 1) < C; (fk+2 (c1t — k)).
Notice that we only lose 2 degrees of freedom in this case. It will not be important if & is large, typically of the
order of n in our case. O

13



4.2.2. Extension of Panchenko symmetrization lemma (see [I7|] Corollary 1, p. 2069)
Let J, = {u € R, |lull, = 1} be the unit circle of R7. Let X™ = (X;),<,<, be an independent copy of Z™ = (Z),<<,.

Since g > n, the matrix Sﬁ (Z(”) - X(”)) = % i, (Zi - X)) (Z; - X;)' is not invertible. We derive from Sﬁ (Z(”) - X(”))

the corresponding penalized empirical covariance matrix
2 =201, +paS5 (2" - X)

It is easy to see that
E(S2 (2™ - x")) =252 and E(S7 (2 - X™) | 2") = S} + 52

Since £2 = p,1, + p»S 2 (Z<") - X(")), we get that
E(iﬁ |Z(n)) =pily +p2 (Sﬁ + Sz) =2p1l, +p2 (Si + 52).

As a consequence, define
p=r(sizn-xo) =25 ) =(ls: @) - 57 ) e sz () - 57 ) =2

Similarly, put
& =20% §=26"and & = (257, 1,) = 20”
then we have
} &2 B o> , ) ) 2
P1 250' =2§O' =2p; and Pzzﬁzﬁzpz-

It thus follows with this natural choice of p; and p, that we have
E(ii | Z(n)) = Eﬁ + 22 and ]E(iﬁ) = 2(pllq +p2S2) — 222

The following lemma and its proof is an extension of corollary 1 of Panchenko (2003) (see [17]) with some
adaptations to the multidimensional y? case. See also Bertail et al. (2008) [2] for the non penalized version of this

result for g < n.
Lemma 3. If there exists k € N*, Cy > 0 and c; > 0 such that, for all t > 0,

\/7114’ Zn _}_(n —
P| sup # > Vi| < CFi(cat),

ueJy w¥lu

_ (cpt-k)
2

then, for all t > 2k/c»,

\nu'Z, ] S \/;] <c ((czt - k) )k/z e

Pl sup | ———=—=
[e[/‘( Vi B2 +32)u 2 r(’g + 1)

and, for all t > k/c,,
/Zn _
P(sup (L) > \/;) < CyF o (cot — k)
ueJ, RVi74 (Z% + 22) u

Proof of Lemma[3]. Denote
A0 (27) = msupsup (840 (o (2, = %) = ') 1 2]

and
Cn (Z(")’ X(ﬂ)) — r;:;figg {4b (I/tl (Zn - Xn) - bu,il%u)}

14



We have by Jensen’s inequality, that for any convex function ¢
¢ (4, (27)) <Eo(C, (2. X)) 1 2] ™

Finally, we can rewrite A, (Z(”)) and C, (Z(”),X(”)) in an explicit form of self-normalized sums by maximizing
according to b, the two expressions above, which leads to

- 2 - 2
'Z, 'Z,
A, (Z(”)) = sup ( \/ﬁu " J = sup [L]
e, \\ \P1 + P’ (S2+S?)u ued, \\ VWZ2u + w>u

Similarly, we have
2

0 (29X = sup V' (Z, - X,,)

uedy N Ziu

Now we conclude by applying lemma 1 to the inequality lb with these expressions of A, (Z(")) and C, (Z("), X(”))
with C, = Gy and ¢ = ;. ]

Proof of theorem[3]. We now control the Hotelling’s T2 in the general case, by cutting its distribution tail into two

2
: V' Z,
ts. The first part all to get back to th b —— trolled by L 2. Th
parts. The first part allows us to get back to the expression above us;g {( m) }con rolled by Lemma e
second term is controlled by the largest eigenvalue of S2.

Let

B b wZ,
, = Su .
ued, | \u'Ziu
Notice that by construction we have, for any ¢ > 0, (and particularly for any ¢ > 2n)

{nZQZ;ZZ,, > t} = {nl/an > \/;}

. . . _ o . .
To transform the penalized self-normalised sum from the expression nZ; (Eﬁ) Z, to its “pseudo” version with the

2
. Va'Z, .
wrong normalization, su ——=__ | 3, let us introduce D,, defined b
& ME}Z {( \/M’Z%uﬂt’izu) } " y

w2 uw (pllq +p2S2)u
D, = sup I+ ———=sup 1+ ———
ued, WXL e, u (pllq + pzS,%) u

First, notice that we have
~ -1
B, w7, wXlu 'z =\
n— = su inf 1+ — < su o ( 1+“,2”)
\/_Dn ueﬁ { Vu’Z,%u uedy M’Z%M ue}; V”/E%” wZu

2
V' Z,
< 4| sup (,—) ; (3)
JMEJ(, { Vu'Shut+u X2u }
for which we have an exponential bound by Lemma [3]and theorem
Thus by splitting the probability according to the event {D? > 1 + a}, for @ > 1 and, for any ¢ > 2n, we have

IP(nZ,’,Z;ZZn Zt) < ]P’(Bn > \/% D, < \/1+a]+]P’(Dn > V1+a)

B, / t
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So now, it remains to treat the second term in the right-hand side of inequality @]) Notice that we have, fora > 1,

/22 /22 1
{Dnz V1+a}= sup il >ap =1 inf 2 Znlt < -t
weg, \WZau ueJ, \ ' X2u a

First, if % = 021, is diagonal, then we have

WXy = w'(pil, +p20‘21q)u =p1 + pro>.

Since
inf (u’Ziu) = inf (u'(pllq +p2$5) u) = py,

ueJy ueJ,
if we choose a such that a > (o; + p20'2)/p1 , then we have

inf (u'22u)

uedy, 1
P[D,2 Vi+a|<P 64—25— = 0.
p1+ P20 a

Remark that, in this case, we have p] = o? and p; = 0 and it follows that the inequality is true for any a > 1.

Notice that the proximity between S and 021, is precisely controlled by the term ? = [|S2 — o1, |-
Now consider the general case. First, notice that

. WXy . oo lo2enl ) wxr! 2 Ty Z1 2
ot ) = e = e
. el e . “lu
> v1g1£ (V’Zi\/)xulel’l;q (u z 214), withv = ||2_'u||2
2y _ P
> puE )—ﬂ—q(22)~

Now, using the optimal values p} and p3, we have the decomposition
2 (0}.03) = Pily + p35°,
it follows that we get
Hq(E2 (07,03)) = pi + Pty (S?)

and

(eEleie)e) s

in > — .

uedq \ w2 (pT,pZ) u) P+ PSP

It follows that if we choose a such that

1
2> 52
a 4 H2d
P

. 52 . .
and, sincea” =1 + ? >1+ ’# by the assumption (A3), then, if a > a*, we get

P(Dy2 V1+a)=0. (10)

As a consequence, we obtain an exponential inequality for any value a > a*. Combining (9) and (I0), we get, for any
a>a,

n“=n

_ _ B,
Yt > 2n, P(nz’yzzn >r(1 +a)) < P(«/ZD— > xft). (1)
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Let X = (X;)<;<, be an independent copy of Z" = (Z;).;c,. Applying theorem [1| to (Z; — X;)i<i<, Which is
symmetric, we obtain

\/ﬁu, Zn_)_(n 2 3 _
P| sup ( ) Vil < S F, 0,

uedy, o 22 u h 9
\/ n

Thus, applying the lemma[3|to the inequality above implies that, for all 7 > 2n,

\%

'Z 263 ((t P
P(sup[L) > w/Z] < i(( ")) ¢ . (12)
e, \ i (B2 +22)u 9\ 2 r(z+1)
Finally by combining expressions (8), (TI) and (I2), the result holds. O

Proof of Theorem

The following lemmas will allow us to control explicitly the deviation P ”pi - pi) > e] for small positive values
of e.

Lemma 4. (Inversion) Let w > 0, and consider (W,),» a sequence of positive random variables. Assume that there
exists a nonnegative constant Cs, such that Ye > 0,AN > 0,¥n > N,

C 1
PW, —wl > < — .
€

Then there exists a function Cs.\ ), nonnegative, such that Ve > 0,Yn > N

(___‘ ) < C31/w(6)

e

where Cs.1)y (€) = % (1 + (we)2/5)5.

Proof of Lemma)]. Since w > 0, we have

P L_l‘>£ _p(]2 _y
W, w w W,

€
> —
w

w

On the interval [w —n;w + 1], f : x = ¥ is Lipschitz with | " (x)| < )2, thus we obtain

Now, Vi € 10, w[ we get

1 1
]P’(———
W, w

IA

P('Win - 1‘ >¢€ |W,—w| Sn)+P(|Wn—W| > 1)
D) + (D).

IA

VWne[w—n;w+n],‘%—l'< (W, —w|.

w-n’

C3 W2

W, —w|>e)§—><—
. new-nt

v e 10:wl, () sIP( s
(w—

and since c
Vi e 10;wl, (D) < 73 x

17



it follows that

1 1]|_ € Cs w? C; 1 _GC; . w? 1
Pll—-—|>=] £ —=X——+-—x—<— min — + 3
W, wl w no ew-n non n nelowl | 2 (1_ n) wh Wz(ﬁ)

=% Gz . 1 1 Cs . 1 1
< —Smn{———+—,<—mn{——— + —
nw?eeliill | 2 (1 — )t @? nw?eeliill | 2 (1 —a)* ot

5 5
Setting € = £ and C:1 (€) = €2 x & (1 + (we') )" = G (1 + (we')*°)’, the result holds. O

wh

Lemma 5. (Product) Consider u, v two positive scalars, and (U,), (V,)) some random sequences. Assume that there
exists nonnegative constants C4 and Cy such that Ve > 0,Yn > 1 :
Cy

Cs 1
P(U,—ul>e) < —— and P(V,-v|>e) < —
n n

1
€2 e’

Then there exists a function Cy.y,, such that Ve > 0,

P(U,V, —uv| > €) <

27

C4;uv (6) 1
n €

~ 2 - o
where Cyy, (€) = C4 (2"++E) +CiQuiisa positive function of € depending on u, v, C4 and Cy.

Proof of Lemma 5| By straightforward inequalities, we get

PAU,V, — | > €) = PAU,V, —uV, + uV, —uv| > €) < IP’(anUn —ul> g ulV, =l < §)+ P(uan > %)
€ € €
< — _ — _ —
< P((V+2u)|U,, u|>2)+IE”(|V,, v|>2u)
€
< P, - )+1P>(v,,— —)
(| ul > 2uv + € ! > 2u
L Cy(2uv+e 2+g 2_quC4;w(e)l.
n €u n\e n e

O

Lemma 6. Proximity between o2, a2, 5%, 5° and their estimators Let u> € {0'2, o, B, 62} be one of these quantities
of interest and @i? its corresponding estimator. Then 'n > 1 and Ve > 0, we have :

P (|2 - ¥ > €) < C;‘:E(f),

with

e C,> = VK, for the case where u* = o and i2 = o2,

o Cp = 2Ky + (100 + KK, +2* VOK;* + 4K + 223K3 + 4K, (K,* +26) \/Ksz +4K, (1 +3K;) + 2K,

for the case where u* = 6* and ii> = 2,

o Cp(e)= 4K12 VK> + Cy + 2K, VK € for the case where u* = 8% and ﬁ,zl = B2

n

o Cp(e)=23Cgp + 241(12 VK> + 22K, VK; €. for the case where u®> = o* and ii> = o?.

n
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Proof of Lemma 6]
Consider 62 and 0.

Recall that 62 = 1 3¢ (132 v )ando? = L 27 B[] =157 p;
Following the 1deas of Led01t and Wolf [11]] Who obtain the convergence of the fourth order moment, we rather

control the second order moment as follows :
2 2)\? C N ’
E|(03 - o) YDA
i=1 ]=l

14, 14,
QZ(yl‘,j_ﬂj)X‘_]Z(yl‘zj_ﬂj) .

J=1 J=1

Il
=

=
=
=N

|

ql\)

I
3, =
M=

=

g GRS B IREo |
il RS e

E [(&3 - (72)2] \L (13)

Finally, we have by Markov inequality the bound

[|0' —0'2| > E] <

Consider 2 and 6°.
Combining the expressions (A.2) and (A.3) on page 394 in Ledoit and Wolf ([L1]) we get

8 -8 = (07 -7 -20% (67 - )+ |Is2I - E(|Is3IF).

Similarly using their expressions, from page 394 (A.4) to page 399, and page 390 (A.1), we have respectively the
inequalities

Var(||52||) (K Ky +4Ky (1+3Ky) +2K;) and o < VK,

Combining these expressions with Bienaymé-Tchebychev, Markov and Cauchy-Schwartz inequalities, we obtain
a control of P (|33 - 62| > e) by a function of n, €, Ay, A4 and Var(lISﬁIIz) where A, = E( A% 2 k). Indeed we have,
by Markov inequality, for all € > 0,

P2-oY>e) < - {]E (62~ )] + 40°E| (62 - )] + B [(||s 2 - Ells2P) ] +40%Ej62 - o7

vacE 162 - | (I3 - = (Is21))| + 28] (52 - o) is2 - m(Is2P))

é {A4 +40* 4y + Var ([52]F) + 40 A2As + 4o \Axvar (J527]) + 2 /A4Var(||sg||2)} .
19
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Now by some previous controls established by Ledoit and Wolf ([L1], page 394) we have

Ay <

XK Var(IISﬁ||2) < L (KK + 4K, (143K +2K,) = 2K and 0 < VK.
n n n

Using the control stated in , A, < VK, /n, we can easily get the explicit constant Cs as a function of K, K,
and K4. For all € > 0, for all n € N*, we have

A 1
P(82-6%>¢) < = [961{2 + 4K K2 + K + 4K \J96K) 2Ky + 4K)* \JK)PK + 2 96K2K]
ne
1
< — {2Kq + (100 + KKy + 2 VOK'* + 4K + 223K]
ne

C
F4AKY (KL + 26) KKy + 4K (14 3K + 2K, < 2.
ne

Consider 32 and 2.
Since 6% = a? + 2 yielding 6> > /32, Ledoit and Wolf showed ([[L1]], proof of Lemma 3.4 page 401, lines from -12 to
-6) that

—max (B} - 821,187 - %) < B2 - B* < 1B} - B

From this we deduce
B2-p1 < max{max (|32 - 51,182 - %), B2 - A1} < max (|2 - 51,182 - 671).

Controlling I,Bﬁ — /%] leads to a control for I(Aﬁ — 62| and Iﬁﬁ -4 By the same arguments as in [[11]] (proof of Lemma
3.4, page 399, equation (A.7)), we have the following expression

_ 1 1< , 1< ,
Bi=B = ISy =S7IF + [; D Wiz = s7IP —E[; >zz; —S%FD.
i=1 i=1

Now, splitting the probability into two terms, on the one hand, using Markov inequality on the first term and applying
Bienaymé-Tchebychev inequality to the second term, we get

_ 2 (1 4 1 v ,
2 2 2 2112 2112
P(1B -5 > €) < ;E(;ns,, -5 )+ Zvaf(_nz ,E:] 1Z:Z; - S?I ]

Following Ledoit and Wolf ([[L1], proof of Lemma 3.1 page 391 line +5), we have

B (ls? - 7)< ki VK.

Moreover, we have (in the proof of Lemma 3.4, page 401 line +3)
1 ¢ , 2
Var(E > lziz - ] < K} Kx/n.
i=1

‘We obtain
_2KiVEK LA K VK,

T € n e n

IP’(IB% —,82| > e)

Finally, with P (|82 - 6%| > €) < % and

BB -1> ) < B(B-p|> o + B( -] > o).

we obtain
CBZ (6)

ne

]P’(A,zl—ﬁ2|>€)S%(4K12‘/?2+C52+2K1‘/EE)S
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Remark that Cp:(€) tends to 4K7 VK, + Cs2 when € tends to 0.

Consider &2 and a?.

Since we have &> = 62 — 32 and a? + 82 = 6%, one can easily see that 42 — a? = 62 — 32 — 6% + 82. For all € > 0, we get
_ < 1}»(82—52 f) }P’(AZ— 2 f)
(laf a|>e) < |n |> + lﬁn ,B|>2
22Cp  2°C (6/2) 1 .
2 — (2°Cs + 2*K} VEKs + 22K VK: €) < 2(;) .
ne ne ne ne
Remark that C,:(e) tends to 2°Cy + 2*K7 VK, when € tends to 0. O

In the next lemmal we control the proximity between 1/p; and 1 /p*, that we denote g, (€) and show that it is of
order O (1/n). For this, we first apply product lemma |5 to [32 and 2 Then, we apply the inverse lemma 4| to 2 o2
Finally, we use another time product lemma |5|applied to &2 and 1/ ﬁ 62

Lemma 7. Proximity between 1/p* and 1/p;,
For any € > 0, we have

gn(e):IP’(é—i* >e)£i?
Py P ne
with Cg> and C,: defined in lemmal6|and
2 22002 €
G(E) = C3;1/ﬁ202 (6) (20.’2 + EﬂZO'Z) + ﬁ4—0'§)
2
20282 + e) 22Cs () 5
1/2( 8> 2 2 \3
Cs.1p02(€) = BT + o (1 + (,8 o e) ) .

Remark : the function Cs,j s ,2(€) may be clearly bounded by a polynomial of degree 4 in €. As a consequence,
the function G(¢€) may be bounded by a polynomial of degree 6.

Proof of Lemma [Z We apply the product lemma I to obtain a control for 3262 thanks to lemma E] which gives us
some control of 2 and /3. For all € > 0, one gets

O (14)

7> )« S,

IP)( A26_2_ 2
ne

with
20°B8° + € 2
Choop () = ”2(%) +Cp (6)(207) .

We now apply the inverse lemmaE]wuh 1nequa11ty 4) and obtain a control of 1/3262. That is, for all € > 0, we have

1 1 C3.1/p252(€
IP)( 2252 2 2 E)S 3!1/[3222( )’
0 n ﬁ o he
with Cs.j s, defined by
C4;ﬁ20'2 (e) o o \2/5 5
C3;1/’320-2 (E) = ﬂST (1 + (ﬂ ) ) .

Applying the product lemmawith u=1/(B*c?) and v = a?, we obtain
22
Cat/pr(6) = Cayjpon (6) (207 + B ) + Caz(e)ﬁ4 —
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Remark that when € tends to 0, C4;;/,+ tends to

2atK)? 2% (22K VK; +Cp) 25 (2K2VK; + Cp)

+ +
ﬂ40'8 ﬂ80'4 ﬁ40-4
O
Proof of theoremd] Recall thata, = 1 + f—* anda* =1+ ? For any u > 2n, we have for € > 0
P(nZ,%;7Z, 2 u(1 + a5, +20)) S P(nZ, 57 Z, 2 u(l +a” + )+ Play—a’lze) < (D+ (D).
We start by establishing a control for (I). Define A, = nZ, (fl,*,‘z - Zf,‘z) Z,, then we have
M = PnZEI7Zo+ Az u(l+a +6)).
Since u > 2n > n, we have
) < P(nZZZy+ A2 u(l+a" + ), |A,| < en) + P (A, > en)
< P(nZ,;Z:sz,, >u(l+a" +e)— en) + P (A, > en)
< P(nZyZy 2 u(l+a")) + P (A, > en). (15)

Theorem [3] gives us an exponential bound controlling the first term of the right hand of the inequality when a = a*
and u > 2n.

Now use the following matrix factorisation A~ — B™! = A~! (B — A) B™! to control the second term in the right hand
with A = 32 and B = 2. It is easy to see that B— A = (p* — p}) I,,, then we obtain

Ay = Tr(Ay) Tr(nZ;, (572 - £72) Z,)

n(p® = py) Tr (2,575,727,

n—n

Recall that
52 =82 +p'ly = 0,0, +ply = 0, (A} +p1,) O,
then using the same rotation matrix O,,, we obtain £:23:"2 = 0/ DO,,, with

1
(Ai+p*)(A1+py)

0
1
D= A @p)
e
0 AN
1
0P
It follows that
x A% S A AL A S * A% L R 20 S Ry PR 11?2
A = n(p*=p;)Tr(Z,0,D>D?0,Z,) = (p —pn)Tr((DZnZO,,Zn) (Dznzonzn))=(p ) A

. . 1
Since, for any x in RY, ||D7x||§ < #Hx”%, and because we have ||x||§ = g|lx|*, we get
n

1 1 2

o2
i <[2

g lo* - 3 B
2 |pr P

PN

* A% n%Yn
Jayos

|An]

PN

d

*
n
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Lemmal7] gives a control of the first term on the right-hand side of this inequality so that it is sufficient to control the
second term. Write

q n q
Y 30 IS 3 SR 352 YR SRR
j=1 \i=1 j=1i j=1i=1 i’=1

U+

Since E(I)) = E (q—ln DID I Y?}) = 0, use Bienaymé-Tchebychev inequality and the independence of the ¥;’s to
get

P13 5o

j=1 i=1

\_____/
IN
~
—

4 1 i ’
Sone| 2 | a9

Then, by hypothesis (A;), we have E (é ;].:1 Y f’j) < VK. Then, by Cauchy-Schwartz inequality, we obtain

1 e ’ 1
—E Y2, <
nqz [; 111] ng

|
|
&=

IN
gl=
8
+
s
M
1=
%‘
—
%
i\«_/
&
—_
%
fal

IA
gl=
a
+
S| =
—_—

| —
&

—_—
=K

N
—
IA

gl=
B

+

| —
&
—_—
%
\;/

1 1
< —-vK; (— + 1) a7
q
Finally, combining inequalities (I6] [I7), we get the following control for I;, for n > 0
41 1
IP’(Il—]E(Il)>Q) < == Kz(—+l). (18)
2 n*n q
Now, we focus on I,. Using the independence between the observations Y;’s, we have
E(@) =E ZZZY,]Y,w =0.
1 i=1 i’=1
a U#i
By Bienaymé-Tchebychev inequality, we have, for n > 0
2
n I L1¢ Y
IP’(12>E) < —2 522 ZY,jY,»,,j . (19)
=1 =1 i'=1
! i'#i
2
Furthermore, smce = 41)2 (n(nz_])) , we can express the expectation above as the expectation of a U-statistic

2

2
1 n—-1)y>
_ZZZZY Yiojl | = 4 n(n_l)zz ZY'JY""-"

j=1 i=1 i'=1 1111
U#i U+
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Yi Y j, with E[w (Y3, Yr)] = 0 and

More precisely, this is a U-statistic of degree 2 with kernel w (Y;,Y;) =

degenerated gradients
E{w(;,Y)Y]=0 and E[w(Y,Y:)[Yr]=0

Using the expression of the variance of this U-statistic as given in Lee (2019) [13]], it follows that

1|1 < ’
E [- § Y l,jYz,j]
q

(20)

2

.
q

Jj=1 i=1 i"'=1
i+

SR

Now, we have by independence

)
1 q
E [—ZY,JYZ‘,»] = E
475 ]

Recall that E [Yl i1 k] =0ifj # k By using Holder inequalities repetitively and by hypothesis (A,), we have

- i2 Zq: Zq: [E (Y],‘,Y,,k)]2 :

1 q q
) Z Z Y1,jY2jY14Yox

K

yleldmg

figen ]

Finally, combining equations (T9J20) and (1)), we obtain a control for I, as follows

Lot (B () < (L2 () <&
21

g 4j=1

< x/?z

n 12(n-1)
IF)(12> ) ZZZY,JY,J>2 S? p VK.
1 i=1 7=
= 1#1
Finally, assumption (A;) implies
1 1 _ 2l 1 1

P(A,l > en) = P(q — = —|||n"%||” > en) < ]P’(' | | = - =] > i)

Pn P bopl K

_ 2 1 1 1
< P(|n%YnH—o-2)A———>—E +P(|— - —|> ——]|.

Py P 2Ki Pt 207K,

Using the fact that P(AB > €) < P(A > +/e) + P(B > +/e), and the definition of the function g, in lemmal we have

1 - € € €
< 3 e _— -
Plan]>en) < P(' Val| = >\/2K) g"(\/2K1)+g"(2o-2K1)
1 1 € € €
< P[h-0?>= . PlL >~ [ |-£ _ )
= (' 7z 2K1))+ (2>2 2K1)+g"( 2K1)+g"(20-21(1)

2

Therefore, by inequalities and , considering 7 = /5=, we get
In-1+vVK, € €
+8&n 2K, + 8n

4 K, (1
P (A, > < —X|—=-+
iz < x|SR
(V5#)
4K1\/ 1 € €
24+ -+Ki|+gn ,/—+,, .
- en ( q 1) g( 2K1) g(ZO'ZKl)
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We now complete the proof of the theorem by handling the term (II). By lemma[7] we get

1 1

]P’(I&,,—a*|>e)=]P’( o ‘
Pn P

€ €
>—|=g,l=]. 22
X ) 8 ( I ) (22)
With inequalities (I3)), (T3)), (22), and (22)), and using the expression of G to bound g, given in lemma(7] we obtain

4K, VK, 1

P(nZ2 2 Zy 2 u(l + @+ 26)) < P(nZZ?Z, 2 u(l +a"))+ ——— (2 + -+ Kl)
en q

+ S S c
gn 2K1 gl‘t 20'2K1 gn K3

u-n

263(14—71)% e 2 +1C(e)
r(3+1) n €’

IA
|

(ST

where C(€) is independent of n such that

1 € 4[(120'4 € K% €
= 4Ki\VK 2+ -+K 2K — —G|l—.
C(e) IR 2( +q+ 1)+ 1G(,/2K1)+ . G(20'2K1)+ GG(K3)

O
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5. Supplementary material - Simulations

In this supplementary material, we explore graphically for different distributions, how the dependence structure of
the observations and the distance to homoscedasticity impact the penalization constants and the tail of the 72 Hotelling
distribution.

We generate Gaussian random variables with a given covariance structure corresponding respectively to the following
scenarios:

e scenario a) the components Z; ;, j € {1,..., g} are independent with variance o, that is Z; are i.i.d N(0, S 2)
with S? = diag(o iii<j<q Tori € {1,...,n}. The o;; are themselves generated randomly in a LN(0, n%). We
actually expect the variance of the eigenvalues to have a strong influence on the penalized term. The variance 7’
is calibrated for comparison with the dependent case and chosen equal to log(1 + V1 + 4a?) — log(2) to ensure
that the distance between S? and 0?1, is indeed equal to a® (which is chosen the same in the dependent case).

e scenario b) the r.v. Z;’s are i.i.d N(0, S2) with S? given by a Toeplitz matrix of the form

1 Ky sz coe sq_z Sq_l
) 1 K 5972
2
K s
5=
1 52
§72 e el 1
SCFI s‘]72 e S2 Ky 1

Up to a constant, this is the covariance matrix of a stationary AR(1) process with auto-regressive parameter s.
This parameter s is thus a dependence parameter in ] — 1, 1[ allowing the components of the observations to
exhibit more or less dependence.

Notice that in our framework the quantity a? is a measure of the complexity of the problem. Actually, if a? = 0,
we can directly use the identity matrix instead of the empirical variance and there is no need for penalizing. For this
reason, we are going to compare our simulation results for some given fixed values of a? respectively in the dependent
and independent cases. For that, we now consider four simulation cases:

(i) scenario a) with o close to 1.10 (note that actually the value of > depends on ¢ but is close to this value in all
simulations) corresponding to a standard deviation 7 = 0.71;

(i) scenario b) with the same values of @2 as in (i) corresponding to a dependence parameter s = 0.6;

(iii) scenario a) with a? equal respectively to 35.74, 55.63, 67.12, 74.19, 78.83, 82.04, 84.37, 86.13 corresponding
to 7 between 1.89 and 2.11 respectively for the value of ¢ € {50, 100, 150, 200, ..., 400};

(iv) scenario b) with the same values of ? as in (iii) corresponding to a dependence parameter s = 0.99.

For each set of parameters, (i) to (iv), for n € {50, 75, 100, ..., 200}, we generate nr.v.’s of size ¢ € {50, 100, 150, ..., 400}
with ¢ > n. The procedure is repeated K = 999 times independently to obtain Monte-Carlo approximations respec-
tively of the distributions of the penalized T2-Hotelling’s statistic (with estimated parameters) and the distribution of
the penalizing parameter p;,.

The graphics in Figure 3] compare the distribution of p* for case (i) (independent case, first column) and case (ii)
(dependent case, second column of the panel) respectively.

- on the first row: for fixed sample size n = 50 and varying ¢’s equal 50, 200 and 400,
- on the second row : for g = n equal to 50, 100, 200,
- on the last row shows this distribution when ¢ = 2n and n is equal respectively to 50, 100, 200.
The figures in panel [3| show that the dependence structure tends to lead to smaller penalization constants. By
comparing the rows, it seems that there is a proportionality between the penalization parameter p* and g/n.
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Independent case Dependent case (5=0.6)

350 350
g=50
300 300 EE =200
E =400
250 250
n = 50 200 - 200 -
150 150 -
100 - 100
50 - 50 -
0 - T T 0 T T
0 50 100 150 200 0 150 200
350 350
300 - 300 -
250 - 250
n=gq 2007 200 -
150 1 150
100 - 100 -
50 - 50 -
0 T T 0 T
0 150 200 0 50 100 150 200
350 350
300 - 300 -
250 - 250 -
n = q/2200 200
150 - 150 -
100 A 100 A
50 - 50 -
0- 0-
0 50 100 150 200 0 50 100 150 200

Fig. 3: Distributions of p*, independent (first column, case (i)), dependent with s=0.6 (second column, case (ii)). Vertical lines represent the
empirical mean of the corresponding distribution.

In the independent case, it seems to be of the order 2¢/n up to some factor probably depending on the variance of
the eigenvalues of the matrix. Notice that when g = n the center of the distribution is rather stable but with a smaller
variance as n grows. In the dependent case, the “optimal” penalization can decrease drastically even if the value of «
is fixed but is even more stable (in mean). This can be explained by the fact that we have

1 2 2 ¢
@ =S =Ll == > (0} - 0?) + = > Covi(Zi 21 ).
9= k.j<k

2

In the independent case, o is essentially the empirical variance of the eigenvalues. But in the dependent case, the
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covariance terms clearly increase which induces a reduction of the penalizing term since p* = g—zol.

Now, we focus on the distribution of the optimal penalization when there is a strong dependent component. The
graphics panel in Figure ] compares the distribution of p* for case (iii) (independent case, first column) and case
(iv) (dependent case, second column) respectively on the first row for fixed sample size n = 50 and varying ¢’s, on
the second row for ¢ = n varying in 50, 100, 200. Finally, the last row shows this distribution when ¢ = 2n and

n varies in 50, 100, 200. Figure ] compares the distribution of the “optimal” estimated penalty for identical values

Independent case Dependent case (s=0.99)
350 350
q=50
300 - 300 Em =200
E g=400
250 4 250 4
n=50 200+ 200+
150 - 150 -
100 - 100 -
50 50
0 T T T 0 T T T T
0 400 500 0 100 200 300 400 500
350 350
q=50
300 4 300 + s g=100
=200
250 - 250 -
n=gq 2007 200 -
150 - 150 -
100 100
50 A 50 A
0 - T T T 0 - T T T
300 400 500 0 100 200 300 400 500
350 350
=100
300 - 300 . =200
gq=300
250 250 . —400
n:q/2200— 200 +
150 A 150 A
100 - 100 -
50 50
0- 0- . .
0 100 200 300 400 500 0 100 200 300 400 500

Fig. 4: Distributions of 5*, independent (first column, case (iii)), dependent with s=0.99 (second column, case (iv)) with the same . Vertical
lines represent the empirical mean of the corresponding distribution.

of a? (depending on g) for the two scenarios, that is, the left (i.i.d.) and the right column (dependent case) and for
different values of g. a?is equal respectively to 35.74,55.63,67.12,74.19,78.83, 82.04, 84.37, 86.13 for the values of
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g equal to 50, 100, 150, 200, .. .,400. We see that, even for an identical value of a?,i.e. fora given distance between
the true covariance matrix and the diagonal matrix, the distribution of optimal penalty term is systematically more
concentrated around smaller values in the dependent case (second column). This conclusion is true for all values of g
and n. In other words, the stronger the dependence, the smaller the optimal penalty term.

Recall that, in Figure [3| we consider a fixed value o = 1, 10 for all values of g. The comparison of Figures and
shows that when the o term is big, this leads to a smaller penalization term. Furthermore, this penalization becomes
smaller when g grows with n. This is quite in contradiction with the practice which suggests using a penalization of
the order 2¢g/n as noticed in Figure |3} The distance to the homoscedastic framework has thus a very strong impact on
the penalty.

The following Figure 5| and Figure [6] give the histogram of the penalized Hotelling’s statistic obtained by K = 999
Monte-Carlo simulations, respectively for the independent and dependent case but with the same a?. We present first
the case for s = 0.6 (Figure 3] and then the case s = 0.99 (Figure[6).
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Independent case Dependent case (5=0.6)

350 350
g=50
300 300 EE =200
E =400
250 250
n = 50 200 - 200 -
150 150 -
100 - 100
50 - 50 -
0 - T T 0 T T
0 50 100 150 200 0 150 200
350 350
300 - 300 -
250 - 250
n=gq 2007 200 -
150 1 150
100 - 100 -
50 - 50 -
0 T T 0 T
0 150 200 0 50 100 150 200
350 350
300 - 300 -
250 - 250 -
n = q/2200 200
150 - 150 -
100 A 100 A
50 - 50 -
0- 0-
0 50 100 150 200 0 50 100 150 200

Fig. 5: Distributions of T2(p*, 1), the penalized Hotelling’s statistic, in independent (first column, case (i)) and dependent with s=0.6
frameworks (second column, case (ii)).

Compare figures [5] and [6] focusing first on the first column corresponding to the independent case. We see the
importance of the value « (the distance to homoscedasticity) in the distribution. Increasing o tends to lead to a
smaller penalization and to a less precise approximation of the covariance matrix yielding a shift of the distribution
of the Hotelling’s statistic on the right. Comparing the two columns (independent and dependent case), we see that
the distributions are centered around quite similar values but tend to be more concentrated in the independent case.
Increasing the value of a? in ﬁgure@tends to reverse this phenomenon. These figures also emphasize the role of the
ratio g/n.
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Independent case Dependent case (5=0.99)

350 350
g=50
300 A 300 A N =200
N =400
250 4 250 4
n=50 200 4 200 4
150 A 150 A
100 4 100 4
50 A 50 A
0 T T T 0 T T T T
0 400 500 0 100 200 300 400 500
350 350
g=50
300 A 300 A m g=100
N =200
250+ 250+
n=gq 200+ 200+
150 A 150 A
100 - 100
50 A 50 A
0 - T T T 0 - T T T T
300 400 500 0 100 200 300 400 500
350 350
s g=100
300 4 300 4 N =200
g=300
250 4 250 4 =400
n:q/zzl)[)— 200 4
150 A 150 A
100 100
50 A 50 A
0- 0- T T
0 100 200 300 400 500 0 100 200 300 400 500

Fig. 6: Distributions of 72(p*, 1), the penalized Hotelling’s statistic, in independent (first column, case (iii)) and dependent with s=0.99
frameworks (second column, case (iv))

Figures [7| and [8| show the comparison between the survival function of T2(o}, 1)/(1 + &), the penalized Hotelling’s
statistic reduced by 1 + a; compared to the bound obtained in the TheoremEl These figures show clearly that the
bounds we obtained are too conservative. Curiously the bounds seem to be better when the dependence is very strong.
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Self normalized sums (5=0.6)

Left side : independent case Right side : dependend case
P g P
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Fig. 7: Comparison of the true tail of the penalized Hotelling’s statistic and the tail given by the bound for different values of ,4. s = 0.6
in the right column. The red dotted lines refer to the bounds for the ordered corresponding .
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Left side : independent case

Right side : dependend case (5=0.99)
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Fig. 8: Comparison of the true tail of the penalized Hotelling’s statistic and the tail given by the bound for different values of n, g. s = 0.99
in the right column. The red dotted lines refer to the bounds for the ordered corresponding .

From this simulation study, we conclude that our bounds give some interesting information both on the optimal
penalty that one may choose and on the order of the bounds. However, there is still room for improvement.
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