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We obtain exponential inequalities for regularized Hotelling’s T2 statistics, that take into account
the potential high dimensional aspects of the problem. We explore the finite sample properties
of the tail of these statistics by deriving exponential bounds for symmetric distributions and
also for general distributions under weak moment assumptions (we never assume exponential
moments). For this, we use a penalized estimator of the covariance matrix and propose an
optimal choice for the penalty coefficient.
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1. Introduction

In many applications (for instance in genomics or natural language processing), the
dimension of the parameter of interest ¢ is large in comparison to the sample size n
and sometimes is increasing with n. Consider for instance the problem of estimating
or testing a mean of variables in RY, with ¢ > n; in that case, the empirical covariance
matrix is not full rank and does not even converge to the true one when n tends to infinity
and is ill-conditioned (see Johnstone (2001) [8]). As a consequence, the usual Hotelling’s
T2 tests in a large dimension framework are no longer valid. It is thus important to
construct estimators and testing procedures that take into account the high dimensional
aspects of the problem (as done for instance in Ledoit and Wolf (2000, 2022) [11, 12],
see also the references therein). One relevant proposition which has been developed in
the statistical literature is to use a penalized estimator of the covariance matrix which
is non-singular and to use this matrix in tests. In that spirit, Chen et al. (2011) [5]
have obtained asymptotically valid regularized Hotelling’s T2 tests for the mean in the
Gaussian case in a high dimensional framework, when n and ¢ = ¢(n) tend to infinity at
some specific rate. Li et al. (2020) [14] have extended these results to some specific sub-
gaussian distribution. The purpose of this paper is to further explore the finite sample
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properties of such tests by deriving exponential bounds of some correctly regularized
Hotelling’s 77> under general distributions, including ones with very few moments.

Such bounds allow to build conservative confidence regions for the parameter of inter-
est. They are also of interest in statistical learning to control risk even with unbounded
loss functions.

For this, we derive exponential bounds for some regularized Hotelling’s T'? statistics in
the spirit of Bertail et al (2008) [2], who obtained bounds for self-normalized quadratic
forms or the Hotelling’s 772 statistic when ¢ < n. We show that for symmetric distribu-
tions, only moments of order 2 are needed and we only assume the existence of moments
of order 8 for general distributions.

Let Z,Z4,...,Z, be ii.d. centered random vectors with probability distribution P,
defined on a probability space (2, A, P) with values in (Rq(”), B, P) endowed with the Lo
norm ||.||,. We denote E the expectation under P. Put Z"™ = (Z;),,.,. As n and ¢(n)

go to infinity, notice that actually (Z(™),, defines a triangular array of random variables
with varying dimensions. However, since we are interested in finite sample properties,
we will drop the dependence in n. In particular, we use ¢ instead of g(n). But keep in
mind that ¢ is a function of n in an asymptotic framework. The covariance matrix of the
observation is given by S? = E(ZZ'), where we denote by Z’ the transpose of Z and S
the square root of S2. The sample covariance matrix is defined here by

52 (Z<">) - %izizg.
=1

To simplify notations, we denote the sample covariance matrix of Z;’s by S? when there
is no confusion. Notice that we do not center by the empirical mean.

Denote by
Zn = nilzZi.
i=1

We recall that Hotelling’s T2, which can be seen as a quadratic form of self-normalized
sums, is given by - -

T2 =nZ.S,%Z,,
when ¢ < n and S,;? = (S?l)fl. For some nonnegative real numbers, p; and py, define
Y2 the linear combination of the identity matrix with the sample covariance matrix

55 = X2 (p1, p2) = pily + p2Sy,

with I, the identity matrix of size q. For p; = 0 and p = 1, ¥2(0,1) = S2 is the
empirical covariance matrix, which is singular for ¢ > n. When ps = 1 and p; > 0 (and
small), 32 corresponds to a Tikhonov regularization of the sample covariance matrix: see
Tikhonov (1963) [20]. It is precisely this estimator which is used in the tests proposed
by Chen et al (2011) [5]. However, it is shown in Ledoit and Wolf (2000) [11] that if one
chooses adequately p; and ps then one can obtain a well-conditioned estimator of the
covariance matrix which is invertible and more accurate than the sample covariance for
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Ezponential bounds in high dimension 3

some Lo-distance.
We denote by ¥? the expectation of X2, which is given by

Y2 =52 (p1, p2) = p1ly + p2S>.

Actually, such modification ensures that we can control the distance between X2 and S2:
this will be fundamental to obtain exponential bounds.
In the following, we are interested in the Hotelling’s T'? statistic with a linear combination
of the sample covariance and the identity, that we now call the regularized Hotelling’s
T? statistic defined by

T3 (p1,p2) = nZ, %52 (p1, p2) Zn
generalizing the proposal of Chen et al (2011)[5].

In the framework of high dimension, such quantities also appear naturally when study-
ing empirical likelihood under a lot of constraints, penalized in its dual form by an L2-
norm: see for instance Newey and Smith (2004) [16], Lahiri and Mukhopadhyay (2012),
[9], Carrasco and Kontchoni (2017) [3] among others.

When ¢ < n, exponential bounds for T2(0,1) (that is, with the empirical covariance
matrix instead of a regularized one) have been obtained by Bertail et al (2008) [2]. Their
exponential bound is controlled by two terms: (1) an exponential term corresponding to
a ”"Hoeffding” or Pinelis (1994) [18] type of inequality applied to a symmetrized version
of the observations and (2) an exponential bound which essentially controls the minimum
eigenvalue of the sample covariance matrix and the proximity of S? to S2. However, for
q > n such inequality can not hold since in that case the minimum eigenvalues of S2 is
always 0. Moreover, it can easily be seen from the results of [2] that the bound becomes
very bad when ¢ > n or/and when ¢ and n are of the same order. We obtain in this
paper general results with an adequate choice of p; and py when ¢ is bigger than n and
when ¢ and n are such that £ — [ €0, 00].

The paper is divided into four parts including this introduction. In the second part,
we recall some known exponential inequalities for ¢ < n under weak moments assump-
tions. Then we obtain an oracle exponential inequality for the regularized Hotteling’s
T2, assuming that the values p; and py are fixed and known. Some interesting sharp
bounds which may be useful in statistical learning assuming symmetry are obtained for
any n and ¢ large. We then establish a general inequality for ¢ = O(n) for non-symmetric
distributions under a few moments’ assumptions. In the third part, we estimate the op-
timal values p] and p5 and show that the inequality remains valid up to some additional
small terms controlling the concentration of these estimators around their true value. We
illustrate our results with some simulations in the last part.

2. Oracle exponential bounds for regularized
Hotelling’s Ts

In the following, we define the penalized Hotelling’s T as the particular regularized
Hotelling’s statistic 72(p, 1) with p > 0. The aim of this section is to establish an oracle
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exponential inequality of the distribution of the penalized Hotelling’s T2 in the case ¢ > n
and when the distribution of the data is symmetric (Theorem 2.1 and Theorem 2.2) as
well as in the general case, that is when the distribution is not necessarily symmetric
(Theorem 2.3).

2.1. Known bounds for Hotelling’s T

Some bounds for 72 or self-normalized sums may be quite easily obtained in the sym-
metric case (that is for random variables having a symmetric distribution see Pinelis
(1994) [18]) and are well-known in the unidimensional case ¢ = 1. In non-symmetric
and/or multidimensional cases with ¢ < n, these bounds are new and not trivial to
prove. One of the main tools for obtaining exponential inequalities in various settings
is the famous Hoeflding inequality (see Hoeffding (1994) [7]). For centered independent
real random variables Y7, ...,Y,, that are bounded, say |Y;| < 1, for all i = 1,...,n, we
have, for a; € [~1,1] such that >"a? =1,

2
n
t
Vi>0, P il >t] <2 —=.
>0, (;a ) > < exp( 2)

A direct application of this inequality to self-normalized sums (via a randomization
step introducing independent Rademacher r.v.’s ¢;) yields that, for independent real
(¢ = 1) symmetric random variables Z;, ¢ = 1,..,n and not necessarily bounded (nor
identically distributed). Indeed, we have by putting Y; = ¢; and a; = (Zzzﬁ

(0 Z:)° A Ze)?
P(zﬁ_lzz >t>‘””<zz:123 >t>

efe(Bale o )]

t
< 2exp (—2) .

Pinelis (1994) [18] has obtained with a different technique, a sharp x? type of bounds
which generalizes this kind of results for multivariate data when ¢ < n. He proved that,
if Z has a symmetric distribution, without any moment assumption on the variables Z;,
then one has

vt>0, P(T7>t)

263 _
Vt>0, P(T2>t)< %Fq(t), (1)

where F,(t) is the cumulative distribution function (cdf) of a x?(g) distribution. The
density is denoted by f;. A crude approximation yields that for ¢ large enough,

2—

[NIIS)

w
[\

€
P (T2 >t) S?F(g

q

t§_1 exp(—t/2)7

~—
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Ezponential bounds in high dimension 5

where I' (z) = f0+°° t*~le~tdt is the gamma function.
Notice that, for ¢ = 1 this bound (only valid for large t) is better than the crude Hoeffding
bound since we recover the missing factor % in front of the exponential (see Talagrand

(1995) [19]). When ¢ < n, using a multidimensional version of Panchenko’s symmetriza-
tion lemma (Panchenko (2003) [17]) Bertail et al (2008) [2] have obtained an exponential
inequality for the general distribution of Z with finite kurtosis 74 = E (HS -1z H;) More

precisely, they establish that under 0 < 4 < o0,

(i) for t > ng, P (T2 > t) = 0.

(ii) for any a > 1, and any nonnegative ¢ such that 2¢(1 4+ a) < t < ng, the following
bound holds:

2e3 t—q(l+a) g t—q(l+a)
B(Li21) < 9r(g+1)< 2(1+a) ) op <_2(1+a)>

8- o _”(1*%)2
TOl@n P ( Ya(g+1) ) ’

where C(q) is an explicit constant.

The first term is essentially equivalent to the tail of a yx?(q) distribution (up to an
explicit constant), while the second term controls the speed of convergence of S2 to S2,
when 4 < co. The constant a controls the balance between these two terms on the right-
hand side of the inequality and may be optimized. Notice that this second exponential
term is small when ¢ << n but explodes in n? if ¢/n — | > 0 for large n, making this
bound totally useless in that case.

In the general multidimensional framework considered in Bertail et al (2008) [2] and in
this paper, the main difficulty is to keep the self-normalized structure when symmetrizing
the initial sum. In the next sections, the results of Bertail et al (2008) [2] obtained
for ¢ < n are extended to the case ¢ > n by using a regularized version of S2. This
inequality is based on an appropriate diagonalization of the regularized sample covariance
matrix which allows applying Pinelis (1994)’s inequality [18] (see section 2.2). This crude
inequality is refined in section 2.3. When dealing with the general case (see section 2.4),
we establish first a multivariate symmetrization lemma 4.2 in the spirit of Panchenko
(2003) [17]. This symmetrization partially destroys the self-normalized structure (the
normalization is then X2 + %2 = 252 + (32 — £2) instead of the expected normalization
¥2), but the right standardization can be recovered (up to the factor 2) by obtaining a
lower tail control of the distance between %2 and 2. To control this distance and make
it as small as possible we will use the results of Ledoit and Wolf (2000) [11].

2.2. Bounds for regularized Hotelling’s Ts in a symmetric
framework
We now obtain a simple inequality for the regularized Hotelling’s 72 in the symmetric

case, based on previous results by Pinelis (1994) [18]. It essentially shows that the tail of
the regularized Hotelling’s T2 is controlled by the tail of a x? (n) distribution.

imsart-bj ver. 2014/01/08 file: output.tex date: February 9, 2023



Theorem 2.1. Assume that Z has a symmetric distribution with finite covariance ma-
trix then, without any additional moment assumption, we have, for anyn > 1, fort > n,

fOT any pi,p2 > 0,

_ ot
P (T,f (pl, 1> > t) =P <nz,;2n2 (p1,p2) Zn > )
P2 P2

< Qﬁngn (t)
2¢e3 (t —n)?
< 5exp (—4t> ; (2)

where F,, is the cdf of a x?(n) distribution.
Moreover, for any p > 0, we have

2 _ 7! N1—2 7
V2n

3)

IN
o
e

R 2(1+ﬁﬁ)

The inequality (2) yields a control of T2(py, p2) = nZ" %% (p1, p2) Z,, when using a
linear shrinkage estimator of the variance. This in turn can be simplified in (3), to a truly
penalized Hotelling’s T'2. Note that for any p1, pa > 0,

S5 (prp2) _ p2Sh+ o1l
P2 P2

= 5721 + &Iq
P2

and for any p > 0,
£2 (p,1) = 82 + oI,

is a penalized estimator of the covariance matrix. Inequality (3) can be interpreted as a
Bernstein-type inequality.

Remark: These inequalities hold for any choice of p; and ps. However for the inequalities
to be sharp, p; and ps should be chosen adequately. First from the proof of Theorem
2.1, we see that the inequality is sharp only when p; is close to 0, which is in accordance
with what we know about Tikhonov regularisation (1963) [20]. Actually when p; tends
to 0,32 (p1, p2) is going to be identical to é(SZ)* where (A)~ is the Moore-Penrose
or generalized inverse of A (which is unique for symmetric matrices). Notice that the
proof of the theorem and the inequality remain valid if we use nZ/ (Sfl)_ Z, rather
than nZ. %2 (p1, p2) Zn. In the procedure of Chen et al. (2011) [5] this means that
asymptotically there is no difference between standardizing by the regularized variance
or by the generalized inverse of the covariance matrix. The regularization just serves as
a trick to approximate the generalized inverse. However, the finite sample properties of
the regularized Hotelling’s T2 will strongly depend on the choice of p; and ps.
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Ezponential bounds in high dimension 7

2.3. An improved bound for penalized Hotelling’s T?? in the
symmetric case

It can be seen from the proof of Theorem 2.1 that the penalized Hotelling’s T7? statistic
essentially behaves like a weighted sum of asymptotically x? random variables. This also
explains the results of Chen et al. (2015) [5]. Actually, we can obtain a bound for this
quantity relying on the results of Pinelis (1994) [18] and Laurent and Massart (2000) [10]
(see p.24 of their paper) who control the tail of the weighted sum of independent x?(1)
random variables.

Let A = (Xj)j=1,...q € RL be the eigenvalues of S7 (ordered in a increasing order). We
define for any p1, p2 > 0, the following effective dimensions (see [5] for other expressions
of these quantities):

inf(n,q) A
O, )\ap17p2) = —L—
( ; p1+ p2A;
inf(n,q) )\2
O2(A, p1,p2) = —
AR\ ey
O (A )= sup (>\]>
pol b 1 2 1<j<inf(n,q) \P1 1 P2A; .

In the next result, we obtain a sharp bound for regularized and penalized Hotelling’s
T2. Notice that, in that case, the recentering factor depends on ©1(\, p1,p2) and is
random. In the proof of Theorem 2.1, this value is essentially bounded by n/ps, which is a
very bad approximation when ps is small. Theorem 2.2 tells that, for ¢ > n, the tail of the
regularized Hotelling’s T statistic behaves as the weighted sum of n independent x?(1)

r.v.’s where the weights are given by the random factors o J:‘ p”z vt We get some Bernstein
bounds for this weighted sum by first randomizing by some independent Gaussian r.v.’s,
then conditioning on the data and applying Laurent and Massart (2000)’s Bernstein
inequality [10]. This inequality in turn can be transformed into some exact bounds for

the statistics of interest.

Theorem 2.2. Assume that Z has a symmetric distribution then, without any moment
assumption, we have, for anyn > 1 and ¢ > 0, for any t > 0 and for any p1, p2 > 0,

2 —
p( Lnlorp2) 012 o1, po) zﬁ<ﬁ+ Wt) < Cexp(—t).
203 (A, p1, p2)? ©2(X, p1, p2)

with C' = 3824.
Or equivalently, we have for the penalized Hotelling’s statistic, for n > 1 and q > 0, for
any t > 0 and, for any p > 0,

T2(p,1) —©1(A p, 1) Ouo (A, p, 1) t
P2 P L > Vot T ) < — .
< 92()‘7/)7 1) o * 92()‘7pa 1) > a Cexp ( 2)
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In the symmetric case, this theorem enables us to easily obtain confidence regions of
level 1 -4, for 6 € [0, 1] for the regularized Hotelling’s statistic, as stated in the following
corollary.

Corollary 2.1. Put ¢(d) = log % with C = 3824. Then, for any n > 1 and q > 1, for
any t > 0 and for any p1, p2 > 0, with probability 1 — §, we have

@oo()‘7p17 P2)C(5)>

T3 (p1, p2) <O1(A, p1, p2) +202(A, p1, ( o)+
(p1,p2) <O1(A, p1, p2) 2(\,p1, p2) (Ve(0) O2(A, p1, p2)

The proof of this corollary is left to the reader. This result holds for any n and gq.
When ¢ < n is large, we can actually put p; = 0 and get some Pinelis’ type bounds
(when the x? distribution tail is itself approximated by a Gaussian tail).

The constant C' comes from a result of Chasapis and al (2022) [4] who extended a result
of Pinelis [18] (1994). Indeed they state that, when symmetrizing, for smooth functions
of quadratic forms, Rademacher variables may be replaced by standard normal variables.
However, their constant is clearly not optimal and we expect the optimal C to be 2¢3/9
as in Pinelis [18] (1994).

The bounds in Theorem 2.2 and Corollary 2.1 can be used in practice for testing pur-
poses in particular in anomaly detection in statistical learning. See for instance the liter-
ature on intrusion detection systems using multivariate control charts based on Hotelling
T2 (for instance Tracy et al. (1992) [21] and further works by these authors).

2.4. Bounds for regularized Hotelling’s T? for non symmetric
distribution

We now consider Z with a general (not necessarily symmetric) distribution. We will later
prove a symmetrization lemma that generalizes the one obtained in Bertail et al. (2008)
[2]. In the following, we also use the results of Ledoit and Wolf (2000) [11] to optimally
control the distance between %2 (py, p2) and S2. For this, consider the modified Frobenius
scalar product between matrices and the corresponding norm given by

(A, B) = Tr(AB')
q
and Tr (AA
JAJ? = (4, 4) = % (4)

Note that dividing the standard Frobenius scalar product by ¢ enables the norm of
the identity I, to be equal to 1, which is more convenient. In the following, we extend
this modified Frobenius norm to vectors by considering, for any vector Z € RY,

12)* = Tr(22") /a.
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Ezponential bounds in high dimension 9

2.4.1. Additional notations and hypotheses

Put S = (03j),<; j<, and consider A the diagonal matrix of the eigenvalues of S”
and O the matrix of associated eigenvectors. The eigenvalues are denoted fi1, ..., g With
p1 < pa < .. < . We have S = O'A20.
Now, for i =1,...,n, we define

Y; =07Z;
with Y; = (Yi1,..., Yig)
In order to provide a well-conditioned estimator for large dimensional covariance matri-
ces, Ledoit and Wolf (2000) [11] have studied the minimum of E (HZ?L (p1,p2) — S2H2).

This minimization can be seen as a projection problem in the Hilbert space of random

matrices, equipped with the inner product (A, B),, = E[(A, B)] with associated norm
2 2

-l = E LI

We assume the four following assumptions:

(A1) 3Ky, K1 > 0 such that, for any n and any ¢ > n, Ko < 1 < K.

(A3) IK5 > 0 such that, for any n and any ¢ > n, % i, E V3] < Ks.

(A3) 3K3 > 0 such that for any n and any g > n, K% < < pg < Ks.

(A4) IK4 > 0 such that for any n and any ¢ > n,

2
I y 2Ggkneq (Cov (YY1, Y1kY1,)) _ K
n? Card (Q) ~n’

where Q denotes the set of all the quadruples that are made of four distinct integers
between 1 and q.

Remarks: (A;) and (A4) are already assumed in Ledoit and Wolf (2000) [11]. First
assumption (Ap) essentially means that ¢ = g(n) is of the same order as n. (As) states
that the moment of order 8 is bounded in average: this condition holds if the following
moment of order 8, % ?:1 E [Zi j] is finite (by sub-multiplicative inequality and the fact
that [|O]] = 1). This is a weak condition: we do not require exponential moments and
allow for fat tail behavior of the sample. (A3) ensures that the largest and the smallest
eigenvalue of the true covariance matrix are bounded. This rules out the case when the
components of the vector Z are too correlated: consider for instance the degenerate case
where S? is a matrix full of 1, then in that case the smallest eigenvalue is 0 and the
largest is q. The case of a vector with long memory components is studied in Merlevede
et al. (2019) [15] : they show that the largest eigenvalue is unbounded. Thus this case
does not enter our framework. Assumption (A4) is immediate in the Gaussian case, since
v = 0 because of the rotation which makes the Y7 ;s j = 1, ..., ¢ independent. Obviously,
for (Z; ;); independent, v = 0 as well. More generally if the components of the vector
satisfy some adequate a-mixing conditions, then the sum in the hypothesis (A4) can be
seen as a sum of cumulants and may also be controlled using the arguments of Doukhan
and Leé6n (1989) [6].

V=
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2.4.2. Inequalities for random variables with a general distribution

The next Theorem 2.3 extends Theorem 2.1 to general distributions which are not nec-
essarily symmetric. From now on, following Ledoit and Wolf (2000) [11], we denote p}
and pj the optimal values defined as the minimum arguments of E |2 (p1, p2) — SQHQ.
Ledoit and Wolf (2000) [11] have obtained

2 2
* * @
1= 529 and  py = 527

with ) )
0 =(%1;); o =|S"=o’L|"; B =E|S; -5
and 6 =a’+pB*=E HS,QZ — aQIqH2.
Now, we define, for o2 # 0,
* 2
pr=" = *3702,
P2 @

which yields the optimal penalized estimator of S2:

32 (031, p%)

2*2 —
" 5

=82+ p*I,.

If a? = 0, take 32 = 021, (in that case we will just need to estimate o2).

Tl

G |E| p.*lq

Figure 1. True covariance S2, sample covariance 5,21, and E%(pf,pg), E%* respectively regu-
larized and penalized sample covariance

In Figure 1, the scalar product is (, ),, with its associated norm. We represent X2 (p3, p3),
the optimal combination of S? and I q defined by orthogonal projection of the true covari-
ance matrix S? on the random vector-space generated by S2 and I,. Thus X2* = $2(p*, 1)
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Ezponential bounds in high dimension 11

is the penalization of S2 by I, with p* = Zé. The green dashed line represents the set of
2

penalized estimators 2 (p, 1) for which we obtain universal bounds in Theorem 2.3.

Theorem 2.3. Assume that Z has a general distribution with finite variance S?. As-
sume in addition that assumptions (A1) to (As) hold. Then we have, for any n > 1, for
any q > n, and fort > 2n,

P(T2(p*,1) > (1+a*)t) = P[nZ,55%Z, > (1+a*)t]
E (t—n)g exp (—52)
Co9 0\ 2 r(3+1) "

with a* :1—|—%.

Remark: Here the bounding function for large ¢ behaves like a centered x2 (n) dis-
tribution, up to the factor %. The term (1+ a*) ensures that the smallest eigenvalue of
¥*2 does not contribute to the inequality.

Notice that the inequality is still valid when using 2, the regularized version of S2
instead of the penalized version ¥*?, up to a small modification of the bound (1 + a*)t

by the factor 1/p3: for n > 1, ¢ > n, for any t > 2n

1 23 (t—n\? exp (—52)
P72 *,*>1—|—a*t><( ) Z 2,
(2010 = 00 ) < 5 (55 e

3. Inequality with estimated parameters

We have proved an exponential inequality for the penalized Hotelling’s T'? with theoretical
values a* and p*. In practice these values are unknown. In this section, we estimate
these quantities and obtain an inequality for the penalized Hotelling’s T2 with estimated
parameters.

We first recall several results of Ledoit and Wolf (2000) [11] on the asymptotic behavior
of regularized empirical covariance estimator ¥2. Lemma 3.1 and proposition 3.1 below
summarize these results with our notations and are proved by Ledoit and Wolf (2000)
[11] in different lemmas and a theorem of their paper.

We use the same assumptions as in Ledoit and Wolf (2000) [11]: L1, denotes the fourth-
moment convergence as n goes to infinity, i.e.

U, 25U —=E [(U,L . Uﬂ 0.

n—oo

Ledoit and Wolf (2000) [11] essentially have shown that L4-consistent estimators for o2,
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a?, 5% and 62 are simply given by their empirical counterparts that is

&i = <S%7]§>
82 = |s2-a21,)"
a2 = &2 _52

. o n 2 A . s N
with 82 = 530 || Z:(Z;)' — S2||” and B2 = min(B2,62).

Lemma 3.1. [Ledoit and Wolf (2000) [11] lemma 3.2, lemma 3.3, lemma 3.4, lemma
3.5] Under assumptions (A1) to (Ay4), we have

1. 02, o2 and % remain bounded (as n and q tend to o).

2. For alln, E [6%] = 02, and 6% — o> —>0anda ot I,
3. 82 —52 140

4o B2 =87 50 and B2 - 52 5 0

5. 42 —a? 240,

After replacing the unobservable scalars o2, a2, 32 and 62 by their sample counterparts
in the formula of ¥2, Ledoit and Wolf obtained an estimation of the regularized empirical
covariance matrix say

no 5
“ 9 ,6’ . & o
Zn_&%a q—&-A%S’n.

Ledoit and Wolf (2000) [11] have shown that 2 and 2 are asymptotically equivalent
in the modified Frobenius norm.

Proposition 3.1. [Ledoit and Wolf (2000) [11], Theorem 3.2] Under the assumptions
(A1)-(Ay), we have
. 2
1. UmE Hz;ﬁ -2z" =o.
n—oo R
2. Moreover, 332 has the same asymptotic expected loss (or risk) as X2 i.e

. 2
imE 52 - 22| - E |23 - 2 -
n—oo

In the same way as Ledoit and Wolf (2000) [11] we define the optimal coefficients pj

B,L o
62 and p3 = 55

Now, if 42 # 0, we introduce Zi* the ”estimated optimal” penahzed version of S2 given
by

and p5. They are estimated respectively by p] and p5, where p7 =

2*2 S2 +pn @
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Ezponential bounds in high dimension 13

« B2 52 .
where p;, = ~43=, that is,
H

Sk ﬁglﬁ
DI Ve (Pz 1> )
Similarly the unobservable threshold constant ¢* introduced in theorem 2.3 is estimated

byay =1+ f:? . The principle in Figure 2 is similar to the one in Figure 1 except that 53%
g2

Figure 2. True covariance S2?, sample covariance S2, regularized and penalized estimators
of S2, respectively X2 and 232.

is determined first so that the regularized estimator belongs to the yellow line and the
optimal estimator ¥2 = Y2 (5%, p3) is the closest value to S? on this line. This difference
induces an additional error term in our inequalities.

Theorem 3.2 establishes an exponential bound for the penalized self-normalized sums,
when $*2 is replaced by the estimator 32* and a* by @*, up to a small error term that

we control explicitly.

Theorem 3.2. Under the assumptions (A1) to (A4), we have, for any n > 1, for any
q > n, for any t > 2n and for any small value of € > 0,

P(T2(55,1) > t (14 ), +2¢) = P(nZ;f]:’Qant(lJr&;Jr%))
E t—n\? e =" C (e)
r

- 9 2 (%+1)+ ne ’ (5)

K3

i
Pn

where 4 =1+ and C (.) is a real nonnegative function, independent of n, defined
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by

1
Cle) = 4K\WEK; 2+ -+ K1) +2K,G(,]——
q 2K,
4K3?0t € K2 €
L G(2J2K1)+6G %)

The function G is defined explicitly in lemma 4.6. Notice that C(€)/e explodes when €
goes to 0.

These results essentially show that we have a x2(n) control in the tail of the distri-
bution, for a threshold larger than 2n(1 + a}) (recall that 2n is the variance of a x?(n)
distribution). The loss (1 + @) is essentially due to the correlation between the compo-
nents of Z and the deviation from homoscedasticity. The value of € can not be too small
but can be optimized by balancing the two terms in the inequality. For a given ¢ and
a given level § it is possible to solve numerically the second term of the inequality (5)
equal to delta to get a valid bound for the Hotelling’s T2 for any n and q.

4. Simulations

In this section, we explore graphically for different distributions, how the dependence
structure of the observations and the distance to the homoscedastic framework impact
the penalization constants and the tail of the distribution.

We generate Gaussian random variables with a given covariance structure corresponding
respectively to the following scenarios:

e scenario a) the components Z; j,j = 1,...,q are independent with variance o; ;,
that is Z; are i.i.d N(0,5?) with S? = diag(0j,j)1<j<q for i = 1,...,n. The o, ; are
themselves generated randomly in a LN (0,7?). We actually expect the variance of
the eigenvalues to have a strong influence on the penalized term. The variance n?
is calibrated for comparison with the dependent case and chosen equal to log(1 +
V1+ 4a2)—1log(2) to ensure that the distance between S? and 021, is indeed equal
to a2 (which is chosen the same in the dependent case).

e scenario b) the r.v. Z;’s are i.i.d N(0,9?) with S? given by a Toeplitz matrix of

the form
1 s 52 472 g9t
s 1 s 5172
52 o 82 S
1 52
g9=2 .. el T 1 s
5‘171 5‘]72 - 52 S 1
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Ezponential bounds in high dimension 15

Up to a constant, this is the covariance matrix of a stationary AR(1) process with
auto-regressive parameter s. This parameter s is thus a dependence parameter
in ] — 1,1] allowing the components of the observations to exhibit more or less
dependence.

Notice that in our framework the quantity a? is a measure of the complexity of the

problem. Actually, if o® = 0, we can directly use the identity matrix instead of the
empirical variance and there is no need for penalizing. For this reason, we are going
to compare our simulation results for some given fixed values of &? respectively in the
dependent and independent cases. For that, we now consider four simulation cases:

(i) scenario a) with a? close to 1.10 (note that actually the value of a? depends on ¢

but is close to this value in all simulations) corresponding to a standard deviation
n =0.71;

(ii) scenario b) with the same values of a? as in (i) corresponding to a dependence
parameter s = 0.6;

(iii) scenario a) with a? equal respectively to 35.74, 55.63, 67.12, 74.19, 78.83, 82.04,
84.37, 86.13 corresponding to n between 1.89 and 2.11 respectively for the value of
q € 50, 100, 150, 200, ..., 400;

(iv) scenario b) with the same values of a? as in (iii) corresponding to a dependence
parameter s = (0.99.

For each set of parameters, (i) to (iv), for n € {50, 75,100, ..., 200}, we generate n r.v.’s
of size ¢ € {50, 100,150, ...,400} with ¢ > n. The procedure is repeated K = 999 times
independently to obtain Monte-Carlo approximations respectively of the distributions of
the penalized T>-Hotelling’s statistic (with estimated parameters) and the distribution
of the penalizing parameter 5.

The graphics in Figure 3 compare the distribution of p* for case (i) (independent case,
first column) and case (ii) (dependent case, second column of the panel) respectively.

- on the first row: for fixed sample size n = 50 and varying ¢’'s equal 50, 200 and 400,

- on the second row : for ¢ = n equal to 50, 100, 200,

- on the last row shows this distribution when ¢ = 2n and n is equal respectively to
50, 100, 200.

The figures in panel 3 show that the dependence structure tends to lead to smaller
penalization constants. By comparing the rows, it seems that there is a proportionality
between the penalization parameter p* and g/n.

In the independent case, it seems to be of the order 2¢/n up to some factor probably
depending on the variance of the eigenvalues of the matrix. Notice that when g = n the
center of the distribution is rather stable but with a smaller variance as n grows. In the
dependent case, the ”optimal” penalization can decrease drastically even if the value of
a is fixed but is even more stable (in mean). This can be explained by the fact that we
have

RS 2 2 O
a? = |8 - ?L,? = - Z (a,% — 02) + - Z cov?(Z1 k, 71 ).
Eyt 1<k

2

In the independent case, a“ is essentially the empirical variance of the eigenvalues. But
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Independent case Dependent case (s=0.6)
350 4 350 4
g=50
300 4 300 4 . q=200
=400
250 4 250 4
n = 50 200 200 A
150 4 150 A
100 4 100 A
50 50
o4 : . 04 . ‘
50 100 150 200 0 100 150 200
350 4 350 4
300 4 300 1
250 1 250 4
n=gq 2001 200
150 1 150 A
100 + 100
50 4 50 4
0- T 0
150 200
350 4 350 1
300 4 300 1
250 1 250 4
n = g/2200 200 4
150 4 150
100 + 100
50 4 50 4
0- 0-
0 50 100 150 200 0 50 100 150 200

Figure 3. Distributions of j*, independent (first column, case (i)), dependent with s=0.6
(second column, case (ii)). Vertical lines represent the empirical mean of the corresponding
distribution.

in the dependent case, the covariance terms clearly increase which induces a reduction
of the penalizing term since p* = g—zaz.

Now, we focus on the distribution of the optimal penalization when there is a strong
dependent component. The graphics panel in Figure 4 compares the distribution of p* for
case (iii) (independent case, first column) and case (iv) (dependent case, second column)

respectively on the first row for fixed sample size n = 50 and varying ¢'s, on the second
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row for ¢ = n varying in 50, 100, 200. Finally, the last row shows this distribution when
q = 2n and n varies in 50,100, 200. Figure 4 compares the distribution of the ”optimal”

n=250
n=gq
n=aq/2

Independent case

Dependent case (s=0.99)

350 350
g=50
300 300 | . =200
N g=400
250 A 250 A
200 1 200 A
150 150 A
100 A 100 4
50 50
0 T T 0 T T T
100 200 300 400 500 200 300 400 500
350 350
g=50
300 + 300 4 mm g=100
N g=200
250 A 250
2004 200 +
150 150 4
100 A 100 4
50 50
0- T T T 0- T T T T
100 200 300 400 500 100 200 300 400 500
350 350 +
I g=100
300 A 300 1 N =200
g=300
250 250 A =400
200 A 200 A
150 150 4
100 100
50 50 1

100 200 300 400

500

100 200 300 400 500

Figure 4. Distributions of p*, independent (first column, case (iii)), dependent with s=0.99
(second column, case (iv)) with the same a?. Vertical lines represent the empirical mean
of the corresponding distribution.

estimated penalty for identical values of a? (depending on ¢) for the two scenarios, that
is, the left (i.i.d.) and the right column (dependent case) and for different values of q. o
is equal respectively to 35.74,55.63,67.12,74.19, 78.83, 82.04,84.37,86.13 for the values
of q equal to 50,100, 150,200, ...,400. We see that, even for an identical value of o2, i.e.
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for a given distance between the true covariance matrix and the diagonal matrix, the
distribution of optimal penalty term is systematically more concentrated around smaller
values in the dependent case (second column). This conclusion is true for all values of
q and n. In other words, the stronger the dependence, the smaller the optimal penalty
term.

Recall that, in Figure 3, we consider a fixed value o? = 1,10 for all values of q. The
comparison of Figures 3 and 4 shows that when the a2 term is big, this leads to a smaller
penalization term. Furthermore, this penalization becomes smaller when ¢ grows with n.
This is quite in contradiction with the practice which suggests using a penalization of
the order 2¢/n as noticed in Figure 3. The distance to the homoscedastic framework has
thus a very strong impact on the penalty.

The following Figure 5 and Figure 6 give the histogram of the penalized Hotelling’s
statistic obtained by K = 999 Monte-Carlo simulations, respectively for the independent
and dependent case but with the same 2. We present first the case for s = 0.6 (Figure
5) and then the case s = 0.99 (Figure 6).
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Independent case Dependent case (s=0.6)
350 4 350 4
g=50
300 4 300 4 . q=200
=400
250 4 250 4
n = 50 200 200 A
150 4 150 A
100 4 100 A
50 50
o4 : . 04 . ‘
50 100 150 200 0 100 150 200
350 4 350 4
300 4 300 1
250 1 250 4
n=gq 2001 200
150 1 150 A
100 + 100
50 4 50 4
0- T 0
150 200
350 4 350 1
300 4 300 1
250 1 250 4
n = g/2200 200 4
150 4 150
100 + 100
50 4 50 4
0- 0-
0 50 100 150 200 0 50 100 150 200

Figure 5. Distributions of T}?(p}, 1), the penalized Hotelling’s statistic, in independent (first
column, case (i)) and dependent with s=0.6 frameworks (second column, case (ii)).

Compare figures 5 and 6, focusing first on the first column corresponding to the inde-
pendent case. We see the importance of the value « (the distance to homoscedasticity)
in the distribution. Increasing o tends to lead to a smaller penalization and to a less
precise approximation of the covariance matrix yielding a shift of the distribution of the
Hotelling’s statistic on the right. Comparing the two columns (independent and depen-
dent case), we see that the distributions are centered around quite similar values but
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Independent case Dependent case (s=0.99)
350 350
g=50
300 + 300 4 N =200
=400
250 4 250+
n=>50 2004 200 +
150 1 150 A
100 + 100
50 50
0 . : 0L . . .
0 100 200 300 400 500 0 100 200 300 400 500
350 350
gq=50
300 1 300 A s =100
=200
250 4 250 4
n=gq 200+ 200 4
150 1 150 A
100 100
50 1 50 1
0- T T T 0- T T T T
300 400 500 o] 100 200 300 400 500
350 350 +
=100
300 4 300 4 N =200
=300
250 4 250 4 = =400
n:q/2200— 200 4
150 A 150 1
100 + 100
50 1 50 1
0- 0-
0 100 200 300 400 500 o] 100 200 300 400 500

Figure 6. Distributions of T}?(p}, 1), the penalized Hotelling’s statistic, in independent (first
column, case (iii)) and dependent with s=0.99 frameworks (second column, case (iv))

tend to be more concentrated in the independent case. Increasing the value of a? in
figure 6 tends to reverse this phenomenon. These figures also emphasize the role of the
ratio g/n.

Figures 7 and 8 show the comparison between the survival function of T2(p%,1)/(1+az),
the penalized Hotelling’s statistic reduced by 1+ a; compared to the bound obtained in
the Theorem 3.2. These figures show clearly that the bounds we obtained are too con-
servative. Curiously the bounds seem to be better when the dependence is very strong.
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Self normalized sums (5=0.6)

Left side : independent case

Right side : dependend case

21

q= 250 q = 250
1.00 { 1.00 {
n=50 n=50
0.75 - — n=75 | 0,751 —— n=75
—— n=100 —— n=100
0.50 A —— n=125 | 0.50 A — n=125
— n=150 — n=150
0.25 1 “ s & . = n=175 | 0257 ~ s~ & . =—n=175
\ \ \ ~ A \ \ Y
- \\.._\:__\:-_:;____szo_o 000_ \“__\l‘_:h_:h____ﬂfzo_o
0-00 T T T T T T T B T T T T T T T
0 100 200 300 400 500 600 0 100 200 300 400 500 600
q = 300 q = 300
1.00 ] 1.00 ]
0.75 A 0.75 A
0.50 - 0.50 -
0.25 A RN 0.25 A RN
) ‘:. . \\ s ‘;-. \ \\
P o - e B ——————— P S, T [Npu S ——
0-00 T T T T T T T 0-00 T T T T T T T
0 100 200 300 400 500 600 0 100 200 300 400 500 600
q = 350 q = 350
1.00 ] noso | 1001 =50
0.75 4 — n=75 0.75 4 — n=75
n=100 —— n=100
0.50 - — n=125 | 0.50 - — n=125
— n=150 — n=150
0.25 1 Soa - n=175 | 0-251 Soa - — n=175
NN NN — n=200 NN A =200
0.00 4 ‘-L‘:.__\:.._:a..___ﬂ:__ 0.00 4 \L‘:.__\:.._:a..___ﬂ:__
0 100 200 300 400 500 600 0 100 200 300 400 500 600
q = 400 q = 400
1.00 ] 1.00 ]
0.75 - 0.75 -
0.50 - 0.50 -
0.25 - N 0.25 -
\\ .
0004, : . S 0004 : . : : : .
0 100 200 300 0 100 200 300 400 500 600

Figure 7. Comparison of the true tail of the penalized Hotelling’s statistic and the tail
given by the bound for different values of n,q. s = 0.6 in the right column. The red dotted
lines refer to the bounds for the ordered corresponding n.
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Left side : independent case

Right side : dependend case (s=0.99)

q =250 q =250
1.0 1.0
n=50 n=>50
0.8 n=75 0.8 n=75
0.6 1 — n=100 | | —— n=100
— n=125 — n=125
0.4 1 —— n=150 | 0.4 —— n=150
0.2 4 SN — n=175 | 45 | o a s — n=175
NN N — n=200 NN N — n=200
0.0 4 S o 2 e 2 2 o o o o 0.0 4 DN o Y e N o e o e s
0 100 200 300 400 500 600 0 100 200 300 400 500 600
g = 300 g = 300
1.0
0.8
0.6
0.4
021 \‘ \\ \\ h'\ \\
A A kY iy .
0.0 T S S —————
0 100 200 300 400 500 400 500 600
q =350

T
400

T
500

1.0 4
0.8 1 0.8 1
0.6 4 0.6
0.4 4 0.4 4
0.2 5 NN N 0.2 S NN ~
p ) N . A A . ~
0.0 . . . —— 0.0 N e e e S m——————
T

T T T T T
100 200 300 400 500

T T T T
100 200 300 400

T
500

Figure 8. Comparison of the true tail of the penalized Hotelling’s statistic and the tail
given by the bound for different values of n,q. s = 0.99 in the right column. The red dotted
lines refer to the bounds for the ordered corresponding n.

From this simulation study, we conclude that our bounds give some interesting infor-
mation both on the optimal penalty that one may choose and on the order of the bounds.
However, there is still room for improvement.
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Supplementary Material

Proofs of the theorems
(). In this supplementary material we provide all the proofs of the theorems given in
the paper entitled ”Exponential bounds for regularized Hotelling’s T2 statistic in high
dimension”

We set some notations that we will consider in the following proofs:
S2 is a symmetric and diagonalizable matrix. Let’s denote by O,, an orthogonal matrix
in M, (R) such that S2 = O!,A20,, where A2 is a diagonal matrix and for any ¢ > n

A

~ N ~ N /
Put Y, = 0,7, with Y; = (5’1-71...,1/@7(1) . Let A\ < ... < )4 denote eigenvalues of S2 and

V1, ..., Vg their associated eigenvectors.

4.1. Proof of theorem 2.1 and 2.2

We first establish a simple inequality for the penalized Hotelling’s 7' in the symmetric
case, based on previous results by Pinelis [18]. The idea of the theorem is to use a rotation
trick of the Z; that allows us to return to the ”"small” dimension case given by Pinelis.
This yields a bound given by the survival function of a x? with n degrees of freedom.

Proof of theorem 2.1. Note that Vectors Y; remain symmetric in distribution and
uncorrelated. It is easy to see that, by construction, the empirical covariance matrix of
the Y/l, ceey ﬁz is

lmoor I ,

- d vy = - > 0.2,2,0,, = 0,5,0, = A}..

i=1 i=1

This implies that, for any vector }A/i, their coordinates for j > n + 1 are zero. Indeed,
for j >n+1,nt Dy YZQJ = 0, implies in turn that each Y/i,j =0,forj=n+1,....q
and i = 1,...,n. Define Y; the n-dimensional vector version of Y; with these non-zero
components, that is to say Vj < n, }7” = }A/” and their corresponding empirical mean

}:/n on the collection Y () = ()7;) .
1<i<n
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Thus, for all p > 0, we have:

nZ, %% (p1, p2) Zn

Il
3
N
S|
i
—

N~>
~
)
_QN
+
R

[\
=
3N
S—
L
/N
S|
(]
:<>
~_—

= n
j=1 P1+ p2d;
n (n Tt Yy ’
Z = P2
= n
= P2 p1+ p2A;
n _1Zn }A/ 2
< Z n i=1 14,5
< n
=1 p2A;
w (p-1/25n 2
< 1 n >ie1 Yi
= ¥

As Xy =n"t30 ij, we have reduced the problem to the sum of n self normalized
sums, which can be seen as Hotelling’s 772 of symmetric random variables in R™. In other
words, nZ!¥-2 (p1, p2) Zn < p%n}:ﬁ;STf (f/(")) Y,,. Thus, by applying Pinelis’ equation
(1) [18], we have

Vt>0, P(nZ,%.%Z,>t/ps) < ?Fn (t) .

Recall that, if Ny,..., N,, are independent N (0, 1) random variables, then by Lemma
1 of Laurent and Massart (2000) [10], one has, for u > 0,

P(W > V2(vu+ %)) <ev.

By inverting the polynomial in y/u, this is a Bernstein type inequality for i.i.d random
variables

n 2 2
P(Zi_lNi n. 2v

N )Sexp 7(1+ 1+2\/§ﬁ)2
S
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11 follows that, for ¢t > n,

Proof of theorem 2.2.
Recall that : Z,, = %Z?:l Z; with Z; € R9. Introduce independent Rademacher r.v.’s
g; taking the values £1 with probability 1/2. Define Z5 = 13" | ¢;Z;. Then, in the

symmetric case considered here, Z,, and Z¢ have the same distribution. Now write

1 — - a1l
n (n Z EiYi/> (Pqu + P2A72¢) <n ;Ein)

=1

nZy' 5% (p, p2) Zy,

1,4 1
= EG/Y (pllq + ,02/\%) "ye
= VV'e (6)

e ¥ = (7, ¥ a0 V= 7 (ol 4 02)

Chasapis and al (2022) [4] obtain an extension of Pinelis’ result [18] stating that for
smooth functions of quadratic forms, Rademacher variables may be replaced by standard
normal variables. More precisely, define the Euclidian norm ||z||2 = 1/{(x, z) and consider
&, ..., &, independent standard Gaussian random variables. Then, for any ¢ > 0, for any
vectors vy, ...,y in R9, we have

IP)[HelVlv ...,Gnyn||2 > t] < CIP[Hfth '--agnVnH? > t] (7)

with C' = 3824
Since we have
€1V, ey €l =€V

where V' is the matrix of vectors v; = (111, ..., 1 4) corresponding to the rows, we can
rewrite

€1ty o entnlls = ||€V 53 = €VV e

It follows that, for any u > 0,

PleVV'e>u] < CP[EVV'E > )

By conditioning according to Y;’s and using equation (6), we have, for any u > 0 and,
for any p1,p2 > 0,
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P [nZs'S2 (p1,p2) 25 > u] = E{P(e’VV’ezu\ffl,...,fﬁl)}
< CE [IP (g’vv'g > | Y5, Yn)} .

Moreover recall from the preceding proof that we have
_ _ 1 & N a1 N
A0 e A I I A - &Y
NLy 2uy, (p17p2) n n<n;€ 2>(p1q+p2 n) nze

i=1
2
inf(g,n) (’I’L_l Z;Lfl Eii/i ])
= n >
= 1+ p2A;

N2
inf(g,n) (n—l Z?:l €i}/i,j> )\j
= n
= Aj pLtP2A;s
We obtain
P [nZ (52 (p1.p2)) " 25 > ) <
2
e (T, 67)

CE |P|[n - : J > U Y,...,Yn . (8

Z Aj p1 + p2A; e ®)

j=1

Let us work now conditionally to Yi,...,Y,. Put K; = \/n (?“Fl S fiYi,j) /+/A; for
j=1,.,inf(q,n). Thus for any j # k

. . n~lS &Y nUS &Yk |« .
Cov(K;, K | Y1,...Y,) = Covl|+/n =TSN A/ =10 YL LY,
( J ’f| 1 ) ( \/E m | 1

Zm_

Since K = (Kl, e Kinf(qm)) is a Gaussian vector (as a linear combination of independent

variables) it follows that K7, ..., K2 are iid x?(1).

> “tinf(q,n)

Now, consider the vector b = (b1,...,b;) with nonnegative components (conditionally
to Y; ;’s) defined by
_ N
p1+ p2X;
A direct application of Laurent and Massart, lemma [10] to Z;nf(lq ey (K7 —1) gives
for any u > 0
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inf(g,n)

R R L e

In other words, for any u > 0, we have

1nf(1q7n)b KQ b
P<E] VRV ) st
2 2

Now by combining (8) and (9) we obtain the following result for the recentered version
of our quantity of interest,

Z€/n-2 b blloo
p [ 0% (p1,p2) Z5 — ||bllx >ff+f|\ I
«/2||b||2 ol "

W) b K2 — b .
< CE P(Zf‘l i LLEPN N ) | (Yz‘u‘)l =1,....inf( >]
=1,...,n j=1,...,inf(q,n

V2[bl3 161l

< Cexp(—u).

The result of the theorem follows by noticing that ||b||; = ©;(\, p1,p2), i = 1,2, 00.
O

4.2. Proof of theorem 2.3

4.2.1. A symmetrization lemma adapted to x? distribution

The following lemma ensures that, if we have a x? (k) type of control for the tail of a
random variable v, which stochastically dominates some random variable &, then we are
also able to control the tail of £. For large values, this tail is essentially the same as the
one of a x2(k) distribution. We use exactly the same ideas as in Panchenko’s lemma 1
and corollary 1 (which assumes an exponential control of the tail of the distribution of
the variable v).

Lemma 4.1. Let v and & be two real r.v.’s. For a € R, put ®,(z) = max (x — a;0).
Assume that:

(i) for any a € R,
E, (¢) < E, (v)
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(ii) there exists k and constants C; > 0,c¢1 > 0, such that for any t > 0
P(v>t) < CF(cit)

then, for t > 2k/cy, we have

ct—k 3 e
P(fZﬂSQ( ) F(%—&—l)

_cit—k
2

and, for t > k/c1, we also get
]P)(f 2 t) S C1Fk+2 (Clt — k) .

Proof of lemma 4.1 . We follow the lines of the proof of Panchenko’s lemma, with a
function ®, with a =t — £ given by ® () = max (z —t + k/c1;0), for t > k/cy. Remark
that @ (x) is convex, nondecreasing and that ® (0) = 0 and ® (¢t) = k/c;. We thus have
by Markov’s inequality

P(E>t) < E@q)(i)) < Es(g?
1 too
< (I)(t)<(I)0+/t—k/c1(I) :rIP’(I/>x)dx>

e [T
< Cl—l/ Fi (c1x) dz.
k Ji
By integration by parts, we get

+oo B +oo +oo
/ Fy (c1z) dx = / axfy(cix)dx — (t — k/cl)/ c fx (1) de.
¢ ¢

7k/01 7’6/01 t*k)/cl

Recall that

el = gipgy Pl y)
we thus have
+o0 +oo
! C1 kt2 g c1x
— axf(cr)de = ———F—— / (c1z) 2 “exp(——)dz
k t*k/‘/cl 2k/2+1§r(§) t*k}/cl
= Fk+2 (Clt — k) .
Tt follows by straightforward calculations that, for ¢t > k/cq,
— Clt —k—
]P)(gzt)gcl Fk+2(01t7]€)7 Fk(Cltfk) .

imsart-bj ver. 2014/01/08 file: output.tex date: February 9, 2023



Ezponential bounds in high dimension 29

Using the recurrence relation 26.4.8 of Abramovitch and Stegun ([1], page 941), for
u > 2k,

C1 (FkJrQ (u — ]i?) — u%kfk (u — k)) S C1 (Fk+2 (u — ]{Z) - Fk (’LL — ]C))

_(u=k)

k/2
(’LL*]C) Cie 2
= (“32) rET)

We get with u = e1t, for t > 2k/cq,

(c1t—k)
(Cﬂf — k))k/2 Ciem 2

P>t < .
€20 < (2 =D

Moreover, for t > k/c; we have P (£ >t) < Cy (Fjq42 (c1t — k)) . Notice that we only
loose 2 degrees of freedom in this case. It will not be important if k is large, typically of

the order of n in our case.
O

4.2.2. FEaxtension of Panchenko symmetrization lemma (see [17] Corollary 1, p. 2069)

Let J, = {u € RY,|ju||, = 1} be the unit circle of R?. Let X = (X;),,., be an inde-
pendent copy of Z = (Z;), <, -

Since ¢ > n, the matrix 52 (Z() — XMWY = LS5 (Z; — X;)(Z; — X;)' is not invert-
ible. We derive from S2 (Z () — X (")) the corresponding penalized empirical covariance

matrix
52 =2, + 252 (20 - X))
It is easy to see that
E (sﬁ (Z(”) - X("))) — 952 and B (sﬁ (Z(”) - X(")) | Z<">) =52 4+ 8%
Since X2 = j1 1, + p2S? (2 — X™), we get that
E (2] 20) = puly+ o (S2+5%) = 211, + po (82 + 57)

As a consequence, define

E (HS’QL (70— x™) - 252H2>

= (Jst(z) - ) +u (s (<) )

= 26%

B2
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Similarly, put

then we have

~2 2
~ a”
pl:gj 2:25—202:2p1
and
g _p
p2 = S—Z = 6—2 = p2

It thus follows with this natural choice of p; and po that we have
E(32]20) =2 + 52
E (ii) = 2(p1I, + paS?) = 252

The following lemma and its proof is an extension of corollary 1 of Panchenko (2003)
(see [17]) with some adaptations to the multidimensional y? case. See also Bertail et al.
(2008) [2] for the non penalized version of this result for ¢ < n.

Lemma 4.2. If there exists k € N*, C; > 0 and co > 0 such that, for all t > 0,

15 @
P sup —\/ﬁu (Zn Xn)

>Vt | < GF(eat),
uEJy W2

then, for all t > 2k/ca,

177 . k/2 _w
P sup vz >Vt <G ((CQt k)) - %
wed, \ VU (B2 +52)u 2 L(5+1)

and, for all t > k/ca,

P < sup < V' Zn > > \/7?) < GoFgya (cot — k)

u€T, w (X2 +32)u

Proof of Lemma 4.2 . Denote
A, (Z(”)) = 221}521}8 {E [4() (u’ (Zn — )_(n) — bu’iiu) | Z(")} }

and

C, (Z(”), X(")> = Z;l}qugg {4b (u’ (Zn — X0n) — bu’i]iu) }
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We have by Jensen’s inequality, that for any convex function ¢

() <elsfe (o iz]

Finally, we can rewrite A, (Z(”)) and C), (Z(”),X(”)) in an explicit form of self-
normalized sums by maximizing according to b, the two expressions above, which leads
to

5 2
A, (Z(n)) ~ sup V' Z,
wedy | \ /b1 + pou/ (S2 + S?)u

_ 2
lZn
— sup Vnu
ued, Vu'E2u 4+ u'X%u

Similarly, we have

2
o
€ (2, ) = sup V' (Zn = Xn)

u€Jy u’E%u

Now we conclude by applying lemma 1 to the inequality (10) with these expressions
of A, (Z™) and C,, (2™, X)) with C; = C; and ¢z = c1.
O

Proof of theorem 2.3 . We now control the Hotelling’s 72 in the general case, by
cutting its distribution tail into two parts. The first part allows us to get back to the

B 2
expression above sup (W) controlled by Lemma 2. The second term
weT, V' E2 utu' N2
is controlled by the largest eigenvalue of S2.
Let -
B u'Z,
=sup { — ;.
" wed, | Vu'X2u
Notice that by construction we have, for any ¢ > 0, (and particularly for any ¢ > 2n)
(02,3722, 2 t) = {n'/2B, > Vi} .

To transform the penalized self-normalised sum from the expression nZ/, (Z%)_l Z, to

weT, Vu'E2utu'S2%u

B 2
its ”pseudo” version with the wrong normalization, sup {<M> }, let us

introduce D,, defined by
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/22 / I 52
Dy = sup {4 [1+ =20 — sup 1+“,(”1‘1+p2 2)“ .
u€J, u' Y u u€J, u (p1lg + p2S7) u

First, notice that we have
Bn u'Z . u'Y2y -1
Vg, T s {\/m A (1+22)

_ —1
'Z w2y
< sup | A= ( 1 )
- ue};q Vu'E2Zu + u'SZu

2
vnu'Z,
= jggq{<,/u'2ﬁu+u'22u> }’ (11)

for which we have an exponential bound by Lemma 4.2 and theorem 2.1.
Thus by splitting the probability according to the event {D? > 1+ a}, for a > 1 and,
for any t > 2n, we have

P (nZ,%,%Z, >t) < P(an\/z, Dn§¢1+a>+P(Dnz\/1+a)
< p(Bns [t +P (D, > V1+a) (12)
- D, = \\n(l+a) "= '

So now, it remains to treat the second term in the right-hand side of inequality (12).
Notice that we have, for a > 1,

u€Jy
/52
= L (s3) < 2.
u€Jy

First, if S? = 021, is diagonal, then we have

{Dn > /1 +a} = {sup <Z§§Z) > a}

'S = ' (p1 1, + pao®l,)u = py + pac?.

Since
inf (WE2u) = inf (u'(p1ly + p2S2)u) = pr,

u€Jq u€Jy

if we choose a such that a > (p; + p202)/p1, then we have

inf (u'X2u)

P{D,>VIta}<P [ <

L =0
p1 + p20? al 7
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Remark that, in this case, we have p? = 02 and pj = 0 and it follows that the inequality is
true for any a > 1. Notice that the proximity between S? and 021, is precisely controlled

by the term o? = ||S% — o21,]| .

Now consider the general case. First, notice that

. U/Z%u . Iy =152 g—1
ot (Gsen) = ot (rmoish)
Wyt Yy 2
= inf »2 »ty )
ued, <IIEIUI|2 15~ ull, | 2
- 52 - 2 . Yy
> inf (v Env) x inf (uE u), with v = ————
vET, u€J, |~ ull,
- P1
> py(E7%) = :
1q(22)
Now, using the optimal values pj and p3, we have the decomposition
22 (01, 03) = pily + p3S>.
It follows that we get
1q(Z% (p1,03)) = pi + p3hq(S?)
and s
E * * *
inf (u/ ;L(Piypf)u) > — p*l .
ued, \ W22 (p7, p3) u pI + P3q(S?)
It follows that if we choose a such that
1 - 1
a 1q(S?)
14 e
: * K. Nq(sz) : .
and, since a* =1 + > 1+ = by the assumption (As), then, if a > a*, we get

P (D, > V1+a)=0. (13)
As a consequence, we obtain an exponential inequality for any value a > a*. Combining
(12) and (13), we get, for any a > a*,

Vt>2n, P(nZ,%,%?Z,>t(1+a)) <P <\/E§” > \/{5) . (14)

Let X" = (Xi)1<i<n be an independent copy of zZM = (Z:i)1<j<n- Applying theorem
2.1 to (Z; — X;)1<i<n which is symmetric, we obtain o

(Zn — X
P sup v | ) >Vt | <

u€Jy UIE%U

2e? _
7Fn tv
—F, (1)
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Thus, applying the lemma 4.2 to the inequality above implies that, for all ¢t > 2n,

17 3 _ n/2 _-n)
P sup vnu'Z, VAP 2¢” ((t n)) e _ . (15)
wedy \ V' (B2 + 2 u 9\ 2 r(z+1)

Finally by combining expressions (11), (14) and (15), the result holds. O

4.3. Proof of Theorem 3.2

The following lemmas will allow us to control explicitly the deviation P { L

Py, p*

> e}
for small positive values of e.

Lemma 4.3. (Inversion) Let w > 0, and consider (Wy,), -, a sequence of positive
random variables. Assume that there exists a nonnegative constant Cz, such that Ve >

0,3N >0,vn > N,

G 1
P(W, —w|>¢e) < = =

5
n e
Then there erists a function Cgy /., nonnegative, such that Ve > 0,Vn > N

G/
P<1—1‘>e> < Sy (¢)

3

W, w ne?
where Cs1 /4 (€) = £ (1 + (we)2/5) .
Proof of Lemma 4.3 . Since w > 0, we have
1 1 € w
P(|l— > )=pP(|-2L 1
(=l 5) == ()
Now, Vn € 10, w[ we get

1 1 €
Pll——=|>%) <
(Wn w‘>w> =

P(’éfu—l’ > e, |[W, —w| Sn) +P(|W,, —w| >n)
(I) + (1II).

A

On the interval [w —n;w + 7], f: 2z +— % is Lipschitz with

w

Vo € [w—mw+n], [f (@) < ——3,
(w—n)

thus we obtain

w
— [Wh —w].

VW, € [w —n;w + 1], o7

w
— 1)<
TAIE
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2
Vi€ l0;wl, (1) <P | ——— Wy —w| > € JCGw 4
(U’—n) n 62(11}—77)
and since ; 1
; IN < =3« —
v e l0ul, (1) < 7 x .

it follows that

1 1 C 2 C 1
P(‘_‘>€) < S, v 6,1
nooe(w-n" o0

C . w? 1
< — min 7 + 5
n nelosw| | 2 (1 _ %) wh w2 (ﬂ)
a=3  C3 . 1 1
< —s mn ¢ ———5 + —
nw* a€lo;1] | €2 (1 — a) «

C3 . 1 1
< — min ¢ —— + —
nw< a€lo;1] | 2 (1 — a) o

< Cs (1+ —2/5)5

nw?

5 5
Setting € = £ and Cyy (¢) = €2 x & (1 + (we')™ 2/5) =& (1 + (we/)2/5> , the

result holds.
O

Lemma 4.4. (Product) Consider u, v two positive scalars, and (U, ), (Vi) some

random sequences. Assume that there exists nonnegative constants Cy and Cy such that
Ve>0,Vn>1:

41
3

1L

P(U, —u| >€) < 5 and P(|V, —v]>¢€) <

3|
[}

3| O

(2

Then there exists a function Cy.yp such that Ve > 0,

C4;1w (6) l

n e’

P UV, —uv| > €) <

where Cyyy (€) = Cy (%)2 + G4 (2u)2 is a positive function of € depending on u, v,
64 and 64.
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Proof of Lemma 4.4. By straightforward inequalities, we get

P(|U,V, —uv| >¢) = P(|U,V, —uV, +uV, —uv| > ¢)
€ €
— — — < —
]P’([/n|l/'n u|>2,u|[/n v|72)

IA

+ ]P’(u\Vn—v|>§)

€ € €
< i _ e _ —
= P((“Jrzu)'U" “|>2)+P(‘V” v|>2u)
< P(|Uy—ul>— +P(|Vn—v|>i)

2uv + € 2u
Gy Gy
n €U n €

< C4;uv(6)l.
- n €2

2

Lemma 4.5. Proximity between o2, o2, 52, §2 and their estimators

Vn > 1 and Ve > 0, we have :

e for 6% and o?:
VK> 1

n €2

]P’(&Z—02|>e)§

P

Cy» = 2K4+ (100 + K?)Ky + 2°V6KY* + 4K3/? 4 223K2

o for 62 and §2:
062

ne?’

53—52’>e> <

with

14K <K21/4 n 2\/6) \/Kng 4K, (1 + 3K,) + 2K,

o for /3’2 and (?:

N Cg2 (€)

P 2 2 < =B
('6” h ‘ o 6) - ne?

with 0,32 (6) = 4K12\/K2 + C52 + 2K1\/K2 €.
o for &2 and o?:

C 2(6)

A2 9 < Ya
P({an « ’>e)_ 2

with CQZ (6) = 23C52 + 24K12\/ K2 + 22K1\/ K2 €.
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Proof of Lemma 4.5.
Consider 62 and o2.

Recall that 62 = % ) (52 ) and o2 = % i E lvi] = % iy
Following the ideas of Ledoit and Wolf [11] who obtain the convergence of the fourth

order moment, we rather control the second order moment as follows :

q n 2
. 1 1
B[@2-0%)"] = E||-3 -3 (% - m)
qj:lnizl
- 2:
Il ,
= E gZ’Z(%j—Nz)
z’:lqul
1 & 1<, , 1<, ,
= 2 E *Z(yilj_ﬂj)X*Z(yizj_l‘j)
11=11i2=1 q j=1 q =1

This last expression is equal to zero for any i; # io because of the independence between
observations. Thus we get

2
2 - 1<
El0r -] = 2 E|( 26 -w)
i=1 j=1
. 2
1 1
= EE QZ(?JU My)
j=1
q ? [ g 2
1 1 1
= Z|E z 2. —|lE|Z 2
o q;yu q;ylg
27 r 47\ /2
< —-E lzq: 2 <lg 12(]: ?
R, quIylj =0 qj:1y1j
1/2 i
< 41 },zf:1E [ 8]
= n qj:1 yl]

Therefore, using the second assumption (A4s), one gets

E[(62-0%)°] < VR

- n

(16)
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Finally, we have by Markov inequality the bound

E|(62 -0’

2 - 2

P

63702|>e]§ .

Consider 62 and 2.
Combining the expressions (A.2) and (A.3) on page 394 in Ledoit and Wolf ([11]) we get

62— 02 = (62— 0%)" — 20% (62 — o) + || S2I” — B (||2]"). (17)

Similarly using their expressions, from page 394 (A.4) to page 399, and page 390 (A.1),
we have respectively the inequalities

var (|182)%) < = = (KK + 4K (1+ 3K) + 2K4)
K. (18)

Combining these expressions with Bienaymé-Tchebychev, Markov and Cauchy-Schwartz
An — 62’ > 6) by a function of n,e, Ay, A4 and

inequalities, we obtain a control of IP’(

Var(]|S2||2) where A, = E (

]P’(An

52 ) Indeed we have, for all € > 0,

(-7)

A
w"—‘
=

—52‘ >e)

< S {B[@2 oY +a'E |63 - )]
B [(Is21° -2 217)’]
4108 (|52 - o2 ['] + 40 [j62 - o?| (|52~ E (|152]%))]
+2 (02— o120 - = (|15217) ]}
< %{A4+4U4A2+Var(HSTQLH ) +40° /A5 4,

€
+ 402\/A2Var (||5;§||2) + 2\/A4Var (||sg||2)} .

Now by some previous controls established by Ledoit and Wolf ([11], page 394) we have
96K,

)

Ay

IN

n

var ([[82]°) < % (K2K + 4K, (14 3Ks) + 2K,) = %K
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and
0'2 f; ](2.

Using the control stated in (16), As < +/K3/n, we can easily get the explicit constant
Cs2 as a function of K, Ky, and K.
For all € > 0, for all n € N*, we have

) 1
P62 6% >¢) < — |96K,+4KoKY? + K +4KY2\/96KY?K,
n ne? 2 2 2

FAKY P\ KK + 2\/96K2K}

1

< @{ Ky + (100 + KKy + 24V6KS* + 4K + 223K3
4K, (K;M + 2\/6> VK + 45y (14 3K) + 2K4}
Cs2

< =

- ne?

Consider 52 and 2.
Since 6% = o? + B? yielding §% > 32, Ledoit and Wolf showed ([11], proof of Lemma 3.4
page 401, lines from -12 to -6) that

—max (|82 — 61,162 — 6°|) < B2 - % < |B2 - A7),

From this we deduce
8287 < max {max (182 - 82,162 — %) |82 — 6|}
< max (|82 - 821,162 - 6%1).

A

Controlling |32 — 32| leads to a control for |62 —§2| and |32 — 32|. By the same arguments
as in [11] (proof of Lemma 3.4, page 399, equation (A.7)), we have the following expression

1 < ,
22z —SQIIQD .
i=1

Now, splitting the probability into two terms, on the one hand, using Markov inequality
on the first term and applying Bienaymé-Tchebychev inequality to the second term, we
get

_ 1 1 & ,
R R CONEE BRI
=1

_ 2 (1 4 1 « /
2 2 2 22 2912
P(; — 8% >¢) < EE (nSn - 57 ) + 6—2Var <n2 ;:1 1Z:Z; — 57 ) .
Following Ledoit and Wolf ([11], proof of Lemma 3.1 page 391 line +5), we have

E (|2 - %) < KiK.
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Moreover, we have (in the proof of Lemma 3.4, page 401 line +3)

1 n
Var (nQZ |Z:Z] - S2H2> < K2/ Ky/n.
i=1

‘We obtain
2 K1V K> n 4 K2/K,

e n €2 n

P (|8 - 8% >€) <

Finally, with P (‘53 - 52’ >¢) < 55 and

?(

B2 > ) SP(B2 -8 > o) + P (|82 - % > ¢),

we obtain
52 2 1 2 Cpz(e)
P28 >¢) < — (1K3VEs + Coo +2K1VEa ) < Z2 0,
Remark that Cgz2(e€) tends to 4K7+/Ks + Cs2 when € tends to 0.
Consider 42 and o?.
Since we have a2 = 62 — 32 and o? + 2 = 62, one can easily see that 42 — o? =
02 — 32 — 62 + 2. For all € > 0, we get
P(la2—a?>e) < P(S,%—é?‘ > %)w(ég—ﬂ?‘ > %)
< 22C52 +_22C52(6/2)
~  ne ne2
1
< = (P + 2KV + 22KV €
ne
< Cp2 ge)
ne

Remark that C,z(€) tends to 23Cs2 + 24 K21/K> when € tends to 0.
O

In the next lemma 4.6, we control the proximity between 1/p% and 1/p*, that we
denote gy, (¢) and show that it is of order O (1/n). For this, we first apply product lemma
4.4 to BEL and 62. Then, we apply the inverse lemma 4.3 to BZ&?L. Finally, we use another
time product lemma 4.4 applied to &2 and 1/ A%(AT%.

Lemma 4.6. Proximity between 1/p* and 1/p},
For any € > 0, we have
CE

imsart-bj ver. 2014/01/08 file: output.tex date: February 9, 2023

1

Py P

>%<%>

~ ne?



Ezponential bounds in high dimension 41

" 2 5 on2  22C,2(e)
Gle) = Ga1/p202 (€) (207 + €8%0°) " + i
" 1/2 (20’252 + 6)2 22 ng (6) 2/5 5
C3;1/[3202 (e) = K, BEo12 551 (1 + (ﬂ2026) ) 7

with Cg2 and C,2 defined in lemma 4.5.

Remark : the function Cs;1 /42,2 (€) may be clearly bounded by a polynomial of degree
4 in e. As a consequence, the function G(¢) may be bounded by a polynomial of degree
6.

Proof of Lemma 4.6. We apply the product lemma 4.4 to obtain a control for AEL&TZL
thanks to lemma 4.5 which gives us some control of 2 and 2. For all € > 0, one gets
R Chpro
p(|3252 - 502 > ) < Suenld) (19)
ne
with )
172 (20%B% + ¢ 2
04?02B2 (6) = KQ/ <0_2 + CﬁZ (6) (20’2) . (20)

We now apply the inverse lemma 4.3 with inequality (19) and obtain a control of 1/ BEL&%.
That is, for all € > 0, we have

|

with Cs;1/322 defined by

1 1

B%OA_% 620-2

> e) < 703;1/62;2 (6)7
ne

Csi/p202 (€)= (:4;;(:8(6) (1 + (52026)2/5)5 :
Applying the product lemma 4.4 with v = 1/(8%0?) and v = o2, we obtain
2 22
Ca1/pr (€) = Caayp202 (€) (20° + €6%0%)" + Ce (E)W.
Remark that Cy;1/,- tends to

20t Ky/? 200 (2KVE; + Cpe) | 25 (2K3VEK: + Cp2)
640-8 680-4 + 640-4

when € tends to 0. O
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Proof of theorem 3.2.

Recall that a) =1+ Ipﬁf’ and a* =1+ %. For any u > 2n, we have

P (nZ;Li;_QZn >u(l+al + 26)) < P (nZ;lifLJZn >u(l+a* + e))
+ P(lan—da’| =€)
< I+ (D). (21)

We start by establishing a control for (I). Define A,, = nZ/, (2*_2— 27*1_2) Zn, then we

n

have
I = PnZ,S2Z,+A, >u(l+a" +e)).
Since u > 2n > n, we have

(I P(nZ,S5?Zy + Ay > u(14a* +€),|Ay] < en) + P(|A,] > en)

P(nZ,S5?Zy > u(l4a* +€) —en) + P(|A,| > en)
P(nZ, %5 Zy > u(14a%)) +P(|A,] > en). (22)

ININ A

Theorem 2.3 gives us an exponential bound controlling the first term of the right hand
of the inequality when a = ™ and u > 2n.

Now use the following matrix factorisation A= — B~1 = A=Y (B — A) B~! to control
the second term in the right hand with A = £*2 and B = ©*2. It is easy to see that
B — A= (p* —p}) 1, then we obtain

A, = Tr(A,)
Tr (nZ;l (2*727 Ejfz) Zn)

n

n(p* —py) Tr (Z’;Li:17222722”) :
Recall that
S0 = Sn 40"l = 0L N 00 + "Ly = O;, (A7 + p"1g) On.

then .
A1+p*

—2 ’ Antp*
E* = O R 1 On
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Using the same rotation matrix O,,, we obtain ¥*~2%*~2 = O/, DO,,, with

1
A1+p*)(A1+57)
AN 0
1
D= Ant+p*) A +53)

p* Py,

0 AN
1
p* Py,
It follows that
A, = n(p*—p)Tr Z;O;D%D%Onzro

Il
—~
e

*

|
)
%
N—

~
~
/~
ol
[N
3
=
@)
3
§Q\
N~
—
il
=
3
=
@)
3
§Q\
N~
~

2
= (" =) ]D%n%n .
2
Since, for any z in RY, ||[Dzz|2 < > lp and because we have ||z]|3 = q||z|?, we get
* o~k 2
A, < w ’ 1Y,
p p7l 2
1 1 — 112
e H W
p Pn,

Lemma 4.6 gives a control of the first term on the right-hand side of this inequality so
that it is sufficient to control the second term. Write

;Y 2 1 < i ?
bl = 5% (5w)
1 q n ) 1 q n n
= Y2 D ViV,
qn j=11i=1 ] 1:i=14=1
i i
= L+ L (23)

Since E(I;) = E (qin D1 i ij) = 02, use Bienaymé-Tchebychev inequality and
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the independence of the Y;’s to get

ZZY —o? >f

j 1:=1 q

IN IA
m‘% =
§ Sl
sl- I
'MQ M
-tvjﬁ éﬁi
L
& qw
V
N N

j=11:i=1
4 2
41 )
< ?quE PR . (24)
j=1

Then, by hypothesis (As), we have E ( z;l 1 Yffj) < v Ks. Then, by Cauchy-Schwartz

inequality, we obtain

q ) 2 1 1 q A 1 q q ) )
E]E oY S gzym +TQQZZE(Y1,jY1,k)
i=1 = =11
J
1 1 < " .
< ;;5 2 ;{éﬁ'gggg gé; E (}G,J) E (}q7k)
ki
q 2
1 1 (1
< —VE - [ =) VEMY)
q =
< Lym+1E liy‘*
>~ n 2 n qj:1 1,5
< 1 K2(1+1). (25)
n q

Finally, combining inequalities (24, 25), we get the following control for Iy
1
VK> (q + 1> . (26)

Now, we focus on I5. Using the independence between the observations Y;’s, we have

4
n2

P(Il—E(Il)>ﬂ> < .

1
2 n

B =E| LYY S v, | -

j 1i=14=1
/#l
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By Bienaymé-Tchebychev inequality, we have

2
P(>3) < 5F fz S vove | |- (27)
j=1 i=14'=1
I#'L

2
. —1)? .
Furthermore, since % = 1 ) (n(f_1)> , we can express the expectation above as the

expectation of a U-statistic

n—1
E z B) SN [ S | e S S ZYJYIJ

— =14 =1 ’LlZ’l

) )
More precisely, this is a U-statistic of degree 2 with kernel w (Y;,Y/) = ;1 1YY s,

with E [w (Y;,Y/)] = 0 and degenerated gradients
Efw(Y,Y) | Y] =0 and Elw(¥;,Ys)| Y] =0

where E(Z|Y) denotes the expectation of Z conditionally to Y. Using the expression of
the variance of this U-statistic as given in Lee (2019) [13], it follows that

(n-17% 1 n—2
L Z ZZYJY’J T4 wen\ o Var (w (Y3, Yi))
2

= i=114'=1

)
2
n—1 1<
= o Ell G Z YiYo | |- (28)
Now, we have by independence
2
1< 1 a
E||=) YiYe, = E| 5D > ,Y2,YiiYas
155 A

1 q q
- LYY Emmr

q j=1k=1
Recall that E[Y7 ;Y7 5] = 0 if j # k. By using Hélder inequalities repetitively and by

1
hypothesis (Az), we have % L [E (Yf’j)]z < (% i, E (Y18])> f < K;, yielding

2

| =

VE,. (29)

1 q
E gZYuYij
j=1

Q
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Finally, combining equations (27,28) and (29), we obtain a control for Iy as follows

q n n
o _ 1 n
P(L>7) = P DY VigYes >
j=li=14=1
il
12(n-1)
< = K. 30
o —— (30)
Finally, assumption (A4;) implies
1 2
P(|A,| >en) = IP’(q — . ’nl/zY H >en>
Pn P
2
< P(HHéY” 1oL 6)
Py Pl Ka
_ 2 1 1 €
< P Hn%Yn —02> — = >)
(( Pn  P* 2K,
P Al —i >; .
Py Pl 207Ky

Using the fact that P(AB > €) < P(A > /e) + P(B > \/€), and the definition of the
function g, in lemma 4.6, we have

_ 2 € € €
P An < P H lY;l —o? o1 n o1 n\ao o1
(|Ap] >en) < ( n2 o> oK, +g 5K, +g 507K,
1 € 1 €
< P(L—0*> )/ P(L>=/=—
= (1 a>2\/2K1>)+ <2>2\/2K1>
+ B _c
Im\VaK; ) T\ 202K, )
Therefore, by inequalities (26) and (30), considering n = , /55—, we get
4 vVEKsy (1 In—-1VK
P(|An| >en) < x[ 2(+1)+” 2}
n q 2 n q

() ()
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We now complete the proof of the theorem by handling the term (II). By lemma 4.6, we
L _ 1

get
€ €
= >— =g |- 32
o)) @

With inequalities (21), (22), (31), and (32), and using the expression of G to bound g,
given in lemma 4.6, we finally obtain

P(|dna*|>e)ﬂ”(

P (nZ;Li;;zZn >u(l+at + 26)) <P (252 > u (1 +a"))

n—n
4Ky Ko 1 € € €
ikl R ) SR ° — - —
A e gem) v (Vo) o (i) o0 ()
23 (u—n\? e “T" 1C (e)
<= + = ; 33
-9 < 2 ) L(3+1) n e (33)

where C(e) is independent of n such that

Cla = 4K1\/172<2+ é +K1) +2K,G <\/;>

4K30* € K2 €
G =Bal—).
+ € 20’2K1 + € Kg
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